2

Algebra 1

Lecturer: PROF. DR. JENS FRANKE
Notes: Josia PIETSCH

January 7, 2022

Contents
1 Finiteness conditions
1.1 Finitely generated and Noetherian modules . . . . . . ... ... .. ... ... .. ...
1.1.1 Properties of finite generation and Noetherianness . . . . . ... ... ... ... .....
1.2 Ring extensions of finite type . . . . . . . .
1.3 Finite ring extensions . . . . . . . . L L
1.4 Determinants and Caley-Hamilton . . . . . . . ... . .. o o
1.5 Integral elements and integral ring extensions . . . . . . . .. ... Lo L L.
1.6 Finiteness, finite generation and integrality . . . . . . . . .. ... .. oL
1.7 Noether normalization theorem . . . . . . . . .. .. L L
The Nullstellensatz and the Zariski topology
2.1 The Nullstellensatz . . . . . . . . . . . o e
2.1.1 Nullstellensatz for uncountable fields . . . . . . ... ... ... oL oL
2.2 The Zariski topology . . . . . . ..
2.2.1 Operations on ideals and Vi (I) . . . . . . o ..o i
2.2.2  Definition of the Zariski topology . . . . . . . . ... Lo
2.2.3 Separation properties of topological spaces. . . . . . ... Lo oL oL
2.2.4 Compactness properties of topological spaces . . . . . .. ... ... oL
2.3 Another form of the Nullstellensatz and Noetherianness of € . . . . . . .. ... ... ... ...
2.4 Trreducible spaces . . . . . .. L L e e
2.4.1 Trreducible components . . . . . ... Lo
2.4.2  Decomposition into irreducible subsets . . . . . . . ... . L o L o
2.5 Krull dimension . . . . . . . oL o e e e e
2.5.1 Krull dimension of € . . . . ..o
2.6 Transcendence degree . . . . . . . ... Lo e
2.6.1 Matroids . . . . ... e
2.6.2 Transcendence degree . . . . . . ... Lo e e
2.7 Inheritance of Noetherianness and of finite type by subrings and subalgebras / Artin-Tate . . . .
2.7.1  Artin-Tate proof of the Nullstellensatz . . . . . .. .. ... ... ... ... ...
2.8 Transcendence degree and Krull dimension . . . . . . . . ... ... .o oL
2.9 Thespectrumof aring . . . . . . . . . L
2.10 Localization of rings . . . . . . . . . . L
2.11 A first result of dimension theory . . . . . . . . . . . .. ...
2.12 Local rings . . . . . . e e
2.12.1 Localization at a prime ideal . . . . . . . . . ... L
2.13 Going-up and going-down . . . . . ..ol e e
2.13.1 Going-up for integral ring extensions . . . . . . . ... Lo oL
2.13.2 Application to dimension theory: Proof of dimY = trdeg(&(Y)/€) . .. ... ... .. ..
2.13.3 Prime avoidance . . . . . . . . Lo L
2.13.4 The fixed field of the automorphism group of a normal field extension . . . ... ... ..
2.13.5 Integral closure and normal domains . . . . . . . .. ... L L oL oL
2.13.6 Action of Aut(L/K) on prime ideals of a normal ring extension . . . . . . ... ... ...
2.13.7 A going-down theorem . . . . . . .. L
2.13.8 Proof of codim({y},Y) = trdeg(R(Y)/8) . . . . . . . .
2.14 The height of a prime ideal . . . . . . . . . . . . .
2.14.1 The relation between ht(p) and trdeg . . . . . . . . .. Lo
2.15 Dimension of products . . . . . . . . .



Algebra 1

2.16 The nil radical . . . . . . . oL e
2.16.1 Closed subsets of Spec R . . . . . . . . . . .
2.17 The principal ideal theorem . . . . . . . . . . Lo Lo
2.17.1 Application to the dimension of intersections . . . . . . . . .. ... ... ... ...
2.17.2 Application to the property of beinga UFD . . . . . . . ... ... ... ... ... ...
2.18 The Jacobson radical . . . . . . . . ..o

3 Projective spaces
3.0.1 Graded rings and homogeneous ideals . . . . . . .. ... L 0oL
3.0.2 The Zariski topology on P™ . . . . . .. L
3.1 Noetherianness of graded rings . . . . . . . . . . . ...
3.2 The projective form of the Nullstellensatz and the closed subsets of P . . . . . . ... ... ...
3.3 Some remarks on homogeneous prime ideals . . . . . . . . . ...
3.4 Dimension of P™ . . . .. e
3.5 Thecone C(X) . . . . o e
3.5.1 Application to hypersurfaces in P™ . . . . . . . . ... ...
3.5.2 Application to intersections in P™ and Bezout’s theorem . . . . . . . . . . ... ... ...

4 \Varieties
4.1 Sheaves . . . . . ..
4.1.1 Examples of sheaves . . . . . . . . . .
4.1.2 The structure sheaf on a closed subset of € . . . . . . . . ... ... ... ...
4.1.3 The structure sheaf on closed subsets of P™ . . . . . . . ... ..o oL
4.2 The notion of a category . . . . . . . .. e e e e e e
4.2.1 Examples of categories . . . . . . . . .. e
4.2.2  Subcategories . . . ... e e
4.2.3 Functors and equivalences of categories . . . . . . . ... L oL
4.3 The category of varieties . . . . . . . L L e
4.3.1 The category of affine varieties . . . . . . . .. .. oL
4.3.2 Affine open subsets are a topology base . . . . ... o oo
4.4 Stalks of sheaves . . . . . . . L
4.4.1 The local ring of an affine variety . . . . . . . . ... L L oL
4.4.2 Intersection multiplicities and Bezout’s theorem . . . . . . . . .. .. .. ... ...

Index

48

Warning . This is not an official script! This document was written in preparation for the oral exam. It mostly
follows the way PROF. FRANKE presented the material in his lecture rather closely. There are probably errors.

The ETEXtemplate by MAXIMILIAN KESSLER is published under the MIT-License and can be obtained from

https://github.com/kesslermaximilian/LatexPackages.

£ is always an algebraically closed field and £ is equipped with the Zariski-topology. Fields which are not

assumed to be algebraically closed have been renamed (usually to [).

2/48


https://github.com/kesslermaximilian/LatexPackages

Algebra 1

1 Finiteness conditions
1.1 Finitely generated and Noetherian modules

Definition 1.1 (Generated submodule). Let R be a ring, M an R-module, S C M. Then the following
sets coincide

L {>,cq 7s 5| SC Sfinite,r; € R, }

2. N scncmu N

Nsubmodule

3. The C-smallest submodule of M containing S

This subset of N C M is called the submodule of M generated by S. If N = M we say that M is
generated by S. M is finitely generated : <= 3 S C M finite such that M is generated by S.

Definition 1.2 (Noetherian R-module). M is a Noetherian R-module if the following equivalent conditions
hold:

1. Every submodule N C M is finitely generated.
2. Every sequence Ny C N7 C ... of submodules terminates

3. Every set 9 # () of submodules of M has a C-largest element.

Proposition 1.3 (Hilbert’s Basissatz). If R is a Noetherian ring, then the polynomial rings R[ X, ..., X,,]
in finitely many variables are Noetherian.

1.1.1 Properties of finite generation and Noetherianness

Fact (Properties of Noetherian modules). 1. Every Noetherian module over an arbitrary ring is finitely
generated.

2. If R is a Noetherian ring, then an R-module is Noetherian iff it is finitely generated.

3. Every submodule of a Noetherian module is Noetherian.

Proof. 1. By definition, M is a submodule of itself. Thus it is finitely generated.

2. Since M is finitely generated, there exists a surjective homomorphism R™ — M. As R is Noetherian, R™
is Noethrian as well.

3. trivial

Fact. Let M, M’, M" be R-modules.

1. Suppose M £ M" is surjective. If M is finitely generated (resp. Noetherian), then so is M".

2. Let M’ L5 M 2 M” — 0 be exact. If M’ and M" are finitely generated (reps. Noetherian), so is
M.

Proof. 1. Consider a sequence M}/ C M}’ C ... C M". Then p~' M/’ yields a strictly ascending sequence. If
M is generated by S,|S| < w, then M" is generated by p(S5).

2. Because of 1. we can replace M’ by f(M') and assume 0 — M’ Iy M 2 M7 5 0 to be exact. The fact
about finite generation follows from Einfiihrung in die Algebra.

If M',M" are Noetherian, N C M a submodule, then N’ := f~Y(N) and N” = p(N) are finitely

generated. Since 0 - N’ — N — N” — 0 is exact, N is finitely generated.
O
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1.2 Ring extensions of finite type

Definition 1.4 (R-algebra). Let R be a ring. An R-algebra (A, «) is a ring A with a ring homomorphism
R % A. a will usually be omitted. In general o is not assumed to be injective.

An R-subalgebra is a subring a(R) C A’ C A.
A morphism of R-algebras A i) Aisa ring homomorphism with & = fa.

Definition 1.5 (Generated (sub)algebra, algebra of finite type). Let (A, ) be an R-algebra.
(03 R[Xl,,Xm] — A[Xl,,Xm]

P = Z peXP — Z a(ps) XP
ﬁeN?n BGN’NL

is a ring homomorphism. We will sometimes write P(az,...,a.,) instead of (a(P))(a1,...,am).

Fix a1,...,a;, € A™. Then we get a ring homomorphism R[X;, ..., X,,] = A. The image of this ring
homomorphism is the R-subalgebra of A generated by the a;. A is of finite type if it can be generated
by finitely many a; € I.

For arbitrary S C A the subalgebra generated by S is the intersection of all subalgebras containing S
= the union of subalgebras generated by finite S’ C S
= the image of R[X,|s € S] under P — (a(P))(S).

1.3 Finite ring extensions

Definition 1.6 (Finite ring extension). Let R be a ring and A an R-algebra. A is a module over itself and
the ringhomomorphism R — A allows us to derive an R-module structure on A. A is finite over R / the
R-algebra A is finite / A/R is finite if A is finitely generated as an R-module.

Fact (Basic properties of finiteness). A Every ring is finite over itself.
B A field extension is finite as a ring extension iff it is finite as a field extension.

C A finite = A of finite type.

D A/R and B/A finite = B/R finite.

Proof. A 1 generates R as a module
B trivial
C Let A be generated by aq,...,a, as an R-module. Then A is generated by ay,...,a, as an R-algebra.

D Let A be generated by ai,...,a, as an R-module and B by by,...,b, as an A-module. For every

n

b there exist a; € A such that b = ZFl ajbj. We have a; = Z?il pija; for some p;; € R thus
b=>1", Y5y pijaib; and the a;b; generate B as an R-module.
O

1.4 Determinants and Caley-Hamilton
This generalizes some facts about matrices to matrices with elements from commutative rings with 1. !

Definition 1.7 (Determinant). Let A = (a;;) Mat(n,n, R). We define the determinant by the Leibniz
formula

det(A) = Z sgn(m) Ha'i,w(i)
TeS, =il

Define Adj(A) by Adj(A)}; = (=1)"*7 - My;, where Mj; is the determinant of the matrix resulting from

IMost of this even works in commutative rings without 1, since 1 simply can be adjoined.

4/48



Algebra 1

A after deleting the i*" row and the j*" column.

Fact. 1. det(AB) = det(A)det(B)
2. Development along a row or column works.
3. Cramer’s rule: A-Adj(A) = Adj(A) - A =det(A)-1,,. A is invertible iff det(A) is a unit.

4. Caley-Hamilton: If P4 = det(T -1, — A) ?, then P4(A) = 0.

T .1, — A € Mat(n,n, A[T])

Proof. All rules hold for the image of a matrix under a ring homomorphism if they hold for the original matrix.
The converse holds in the case of injective ring homomorphisms. Caley-Hamilton was shown for algebraically
closed fields in LA2 using the Jordan normal form. Fields can be embedded into their algebraic closure, thus
Caley-Hamilton holds for fields. Every domain can be embedded in its field of quotients = Caley-Hamilton
holds for domains.

In general, A is the image of (X;;)I',—; € Mat(n,n,S) where S = Z[X; ;|1 < i,j < n] (this is a domain)
under the morphism S — A of evaluation defined by X; ; — a; ;. Thus Caley-Hamilton holds in general. O

1.5 Integral elements and integral ring extensions

Proposition 1.8 (on integral elements). Let A be an R-algebra, a € A. Then the following are equivalent:
A3JneN (r)iy,ri€R:a" =31 01 ria’
B There exists a subalgebra B C A finite over R and containing a.

If aq,...,a; € A satisfy these conditions, there is a subalgebra of A finite over R and containing all a;.

Definition 1.9. Elements that satisfy the conditions from 1.8 are called integral over R. A/R is integral,
if all a € A are integral over R. The set of elements of A integral over R is called the integral closure of
R in A.

Proof.

B = A Let a € A such that there is a subalgebra B C A containing a and finite over R. Let (b;)!"_; generate B
as an R-module.

q:R"— B

is surjective. Thus there are p; = (. ,) ! , € R" such that ab; = q(p;). Let 2 be the matrix with the p; as
columns. Then for allv € R™ : q(2(-v) = a-q(v). By induction it follows that ¢(P()-v) = P(a)q(v) for all
P € R[T]. Applying this to P(T) = det(T - 1,, —2() and using Caley-Hamilton, we obtain P(a) - ¢(v) = 0.
P is monic. Since ¢ is surjective, we find v € R™ : ¢(v) = 1. Thus P(a) = 0 and «a satisfies A.

B = A if R is Noetherian.? Let a € A satisfy B. Let B be a subalgebra of A containing b and finite over R. Let
M, C B be the R-submodule generated by the a’ with 0 < i < n. As a finitely generated module over
the Noetherlan ring R, B is a Noetherian R-module. Thus the ascending sequence M, stabilizes at some
step d and a? € My. Thus there are (r;)%=) € R? such that a¢ = Zf_ol riat.

A = B Let a = (a;)}, where all a; satisfy A, i.e.
sub- R-module generated by a® =[]/, af* with 0 < a; < d;. B is closed under a;- since

=1 """

%

ot = Z?;Bl ri,jag with r;; € R. Let B C A be the

o alaatla) ifa=(a1,0/),0< a3 <dp —1
aija - = _ .
' Yo ri gl ) oy =di -1

2This suffices in the exam.
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By symmetry, this hold for all a;. By induction on || = Y"1 | a;, B is invariant under a®-. Since these
generate B as an R-module, B is multiplicatively closed. Thus A holds. Furthermore we have shown the
final assertion of the proposition.

O

Corollary 1.10. Q Every finite R-algebra A is integral.
R The integral closure of R in A is an R-subalgebra of A
S If A is an R-algebra, B an A-algebra and b € B integral over R, then it is integral over A.

T If A is an integral R-algebra and B any A-algebra, b € B integral over A, then b is integral over R.

Proof. Q Put B= A in B.

R For every r € R «a(r) is a solution to T'—r = 0, hence integral over R. From B it follows, that the integral
closure is closed under ring operations.

S trivial

T Let b € B such that " = Z;L:_Ol a;b*. Then there is a subalgebra A C A finite over R, such that all a; € A.
b is integral over A => 3 B C B finite over A and b € B. Since B/A and A/R are finite, B/R is finite
and b satisfies B.

O

1.6 Finiteness, finite generation and integrality

Fact (Finite type and integral = finite). If A is an integral R-algebra of finite type, then it is a finite
R-algebra.

Proof. Let A be generated by (a;);_, as an R- algebra. By the proposition on integral elements (1.8), there is a
finite R-algebra B C A such that all a; € B. We have B = A, as A is generated by the a; as an R-algebra. [

Fact (Finite type in tower). If A is an R-algebra of finite type and B an A-algebra of finite type, then B
is an R-algebra of finite type.

Proof. If A/R is generated by (a;);; and B/A by (b;)}_;, then B/R is generated by the b; and the images of

the a; in B. O

Fact (About integrality and fields). Let B be a domain integral over its subring A. Then B is a field iff
A is a field.

Proof. Let B be a field and a € A\ {0}. Then a~! € B is integral over A, hence a~% = 25;01 a;a~" for some

a; € A. Multiplication by a?~ ! yields a=! = Zf;ol a1t e A
On the other hand, let B be integral over the field A. Let b € B\ {0}. As B is integral over A, there is a

sub-A-algebra B C B, b € B finitely generated as an A-module, i.e. a finite-dimensional A-vector space. Since

B is a domain, B b Bis injective, hence surjective, thus 3 = € B:b-z-1. [

1.7 Noether normalization theorem

Lemma 1.11. Let S C N” be finite. Then there exists k € N* such that k; = 1 and wi (o) # wg(B) for
a# B €S, where wp(a) = >0 kioy.

Proof. Intuitive: For o # 8 the equation w z) (@) = w17 (B) (k € R"!) defines a codimension 1 affine

hyperplane in R”~!. It is possible to choose s such that all x; are > % and with Euclidean distance > ¥ "2_1

from the union of these hyperplanes. By choosing the closest x’ with integral coordinates, each coordinate will

n—1

be disturbed by at most %, thus at Euclidean distance < 5
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More formally:®> Define M := max{a;|a € S,1 < i < n}. We can choose k such that k; > (i — 1)Mk;_;.
Suppose « # 5. Let i be the maximal index such that o; # 3;. Then the contributions of «; (resp. ;) with
1 <j <itowg(a) (resp. wg(B)) cannot undo the difference k;(a; — ;). O

Theorem 1.12 (Noether normalization). Let K be a field and A a K-algebra of finite type. Then there
are a = (a;)"_; € A which are algebraically independent over K, i.e. the ring homomorphism

eve : K[Xy,...,X,] — A
Pvr— P(ay,...,an)

is injective. n and the a; can be chosen such that A is finite over the image of ev,.

Proof. Let (a;)!_; be a minimal number of elements such that A is integral over its K-subalgebra generated

by a1,...,a,. (Such a; exist, since A is of finite type). Let A be the K-subalgebra generated by the a;. If

suffices to show that the a; are algebraically independent. Since A is of finite type over K and thus over A,

by fact (integral and finite type = finite) A is finite over A. Thus we only need to show that the a; are

algebraically independent over K. Assume there is P € K[Xy,...,X,]\ {0} such that P(ay,...,a,) = 0. Let

P=3 cnnPaX®and S = {a € N*|p, # 0}. For k= (k)™, € N" and a € N" we define wi(a) =300 kioy.
By 1.11 it is possible to choose k € N™ such that k; = 1 and for a # 3 € S we have wi(a) # wg(B).

Define b; == a;41 — alfi“ for 1 <i < mn. A is integral over the subalgebra B generated by the b;. By
the transitivity of integrality, it is sufficient to show that the a; are integral over B. For ¢ > 1 we have
a; = bi_1 +a¥. Thus it suffices to show this for a;. Define Q(T) :== P(T,by +T**,... b,_1 +T*") € B[T]. We
have 0 = P(aq,...,a,) = Q(a1). Hence it suffices to show that the leading coefficient of @ is a unit.

We have

n—1 wE(a)*l
7o T (b + Th e = wel@) N g T
i=1 1=0
with suitable 8, € B.
By the choice of E, we have
wi(a)—1

Q(T) = paTwE(a) + Z q]TJ
7=0

with ¢; € B and «a such that wy (o) is maximal subject to the condition p, # 0. Thus the leading coefficient of
Q is a unit.
This contradicts the minimality of n, as B can be generated by < n elements b;.
O

2 The Nullstellensatz and the Zariski topology

2.1 The Nullstellensatz
Let € be a field, R :== ¢[X1,...,X,],I C R an ideal.

Definition 2.1 (zero). = € € is a zero of [ if V& € I : P(z) = 0. Let Vi(I) denote the set of zeros if I
in €7,

The zero in a field extension i of ¢ is defined similarly.

Remark (Set of zeros and generators). Let I be generated by S. Then {z € R|Vs € S: s(z) =0} = Va(I).
Thus zero sets of ideals correspond to solutions sets to systems of polynomial equations. If S, S generate
the same ideal I they have the same set of solutions. Therefore we only consider zero sets of ideals.

Theorem 2.2 (Hilbert’s Nullstellensatz (1)). If ¢ is algebraically closed and I C R a proper ideal, then I
has a zero in €".

3The intuitive version suffices in the exam.
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Remark. Will be shown later (see proof of 2.4). Trivial if n = 1: R is a PID, thus I = pR for some p € R.
Since I # R p =0 or P is non-constant. £ algebraically closed ~~ there exists a zero of p.

If ¢ is not algebraically closed and n > 0, the theorem fails (consider I = p(X;)R).

Equivalent* formulation:

Theorem 2.3 (Hilbert’s Nullstellensatz (2)). Let L/K be an arbitrary field extension. Then L/K is a
finite field extension (dimg L < oo) iff L is a K-algebra of finite type.

Proof. = 1If (I;)!*, is a base of L as a K-vector space, then L is generated by the [; as a K-algebra.

<= Apply the Noether normalization theorem (1.12) to A = L. This yields an injective ring homomorphism
evy : K[X1,...,X,] = A such that A is finite over the image of ev,. By the fact about integrality and
fields (), the isomorphic image of ev,, is a field. Thus K[X1,...,X,] is a field = n =0. Thus L/K is
a finite ring extension, hence a finite field extension.
O

Remark. We will see several additional proofs of this theorem. See 2.6 and 2.36. All will be accepted in
the exam.
2.12 and 3.12 are closely related.

Theorem 2.4 (Hilbert’s Nullstellensatz (1b)). Let [ be a field and I € R = [[X7, ..., X,,] a proper ideal.
Then there are a finite field extension i of [ and a zero of [ in i™.

Proof. (HNS2 (2.3) = HNSI1b (2.4)) I C m for some maximal ideal. R/m is a field, since m is maximal. R/m
is of finite type, since the images of the X, generate it as a [-algebra. There are thus a field extension i/l and
an isomorphism R/m = i of l-algebras. By HNS2 (2.3), i/l is a finite field extension. Let 2; := +(X; mod m).

P(z1,...,xm) = (P mod m)

Both sides are morphisms R — i of l-algebras. For for P = X the equality is trivial. It follows in general, since
the X, generate R as a l[-algebra.

Thus (21,...,%n) is a zero of I (since P mod m = 0 for P € I C m). HNS1 (2.2) can easily be derived from
HNS1b. O
2.1.1 Nulistellensatz for uncountable fields

The following proof of the Nullstellensatz only works for uncountable fields, but will be accepted in the exam.

Lemma 2.5. If K is an uncountable field, then dimg K (T') is uncountable.

Proof. We will show, that S := {ﬁm € K} is K-linearly independent. It follows that dimyx K(T') > #S > .

Suppose (z,)rex is a selection of coefficients from K such that I := {x € K|z, # 0} is finite and

Let d :=[],..;(T — ). Then for X\ € I we have

0= ()N =2 [ (*—#)

reI\{\}

This is a contradiction as x # 0. O

4used in a vague sense here
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Theorem 2.6 (Hilbert’s Nullstellensatz for uncountable fields). If K is an uncountable field and L/K a
field extension and L of finite type as a K-algebra, then this field extension is finite.

23

Proof. 1If (x;)"_, generate L as an K-algebra, then the countably many monomials z® = []_, 2" in the a;
with o € N™ generate L as a K-vector space. Thus dimg L < Ry and the same holds for any intermediate field
KCMCL.IfleLis transcendent over K and M = K(I), then M = K(T') has uncountable dimension by
2.5. Thus L/K is algebraic, hence integral, hence finite (). O

2.2 The Zariski topology
2.2.1 Operations on ideals and V, (1)
Let R be aring and I, J, I, C R ideals, A € A.

Definition 2.7 (Radical, product and sum of ideals).

VI = ﬁ{femf"ef}

n=0

I-J={ijlieljcJr

ZIA = {Z ix|[N C A ﬁnite}

AEA AEN

Fact. The radical is an ideal in R and \/\ﬁ =I.

I-J is an ideal.

> xea I coincides with the ideal generated by (1,5 /x in R.
Mxca Ix is an ideal.

Let R = ¢[X1,...,X,] where ¢ is an algebraically closed field.

Fact. Let I, J, (Iy)xea be ideals in R. A may be infinite.
A Vi(I) = Va(VT)
B VJCVI = Vi(I) C Va(J)
C Va(R) =0,Va({0} = ¢
D VA(INJ)=Va(I-J) = Va(I) UVa(J)

E VA(ZAGA L) = ﬂAeA Va(Iy)

Proof. A-C trivial

D I-JCINJCI. Thus Vj(I) CVa(INJ) C Vy(I-J). By symmetry we have Vi (I)UVy(J) C Va(INJ) C
Va(I - J). Let x & Va(I) U Va(J). Then there are f € I,g € J such that f(z) # 0,g(z) # 0 thus
(f-9)(x) #0 = x & Vi(I - J). Therefore

VA(I) UVA(J) - VA(IﬂJ> - VA(I-J) - VA(I) UVA<J)

E I, C Z)\EAI/\ - VA(E)\EAI)\) - VA(I,\). Thus VA(Z)\EAIA) - ﬂ)\EA VA(I)\). On the other hand
if fe > \endn wehave f =3 ) fa. Thus f vanishes on (., Va(Ix) and we have (o, Va(ln) €

Va(Xrea In)- -

Remark. There is no similar way to describe Vi ([ ca Ix) in terms of the V(1) when A is infinite. For
instance if n = 1, I :== X R then (;—, Ir = {0} but Uy, Va(Ix) = {0}.
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2.2.2 Definition of the Zariski topology
Let € be algebraically closed, R = ¢[X1,..., X,].

Corollary 2.8. (of ) There is a topology on £ for which the set of closed sets coincides with the set 2 of
subsets of the form Vj (I) for ideals I C R. This topology is called the Zariski-Topology

Example. Let n = 1. Then R is a PID. Hence every ideal is a principal ideal and the Zariski-closed
subsets of ¢ are the subsets of the form Vi (P) for P € R. As V3 (0) = ¢ and V,(P) finite for P # 0 and
{z1,...,2n} = Va(ITi (T — z;)) the Zariski-closed subsets of £ are £ and the finite subsets. Because € is
infinite, this topology is not Hausdorff.

2.2.3 Separation properties of topological spaces

Definition 2.9. Let X be a topological space. X satisfies the separation properties Ty_o if for any
r#yeX

To 3 U C X open such that |U N {z,y}| =1
Ty 3 U C X open such that z € U,y € U.

T, There are disjoined open sets U,V C X such that z € U,y € V. (Hausdorff)

Remark. Let x ~ y : <= the open subsets of X containing x are precisely the open subsets of X
containing y. Then Ty holds iff z ~y — x =1y.

Fact. T, <= every point is closed.

Fact. The Zariski topology on £* is 71 but for n > 1 not Hausdorff. For n > 1 the intersection of two
non-empty open subsets of " is always non-empty.

Proof. {x} is closed, as {z} = V((X1 — z1,..., Xy —xn)r). If A =V(I),B = V(J) are two proper closed
subsets of € then I # {0}, J # {0} and thus I.J # {0}. Therefore AU B = V(I.J) is a proper closed subset of
£, O
2.2.4 Compactness properties of topological spaces

Let X be a topological space.

Definition 2.10 (Compact, quasi-compact). X is called quasi-compact if every open covering of X has
a finite subcovering. It is called compact, if it is quasi-compact and Hausdorff.

Definition 2.11 (Noetherian topological spaces). X is called Noetherian, if the following equivalent
conditions hold:

A Every open subset of X is quasi-compact.

B Every descending sequence Ay 2 A1 D ... of closed subsets of X stabilizes.

C Every non-empty set M of closed subsets of X has a C-minimal element.

Proof.

A = B Let A; be a descending chain of closed subsets. Define A = ﬂ;‘io Aj. If A holds, the covering X \ A =
UEOZO(X \ 4;) has a finite subcovering.
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B = C Suppose M does not have a C-minimal element. Using DC, one can construct a counterexample A; C
A2 2 ... to B.

C = A Let |J,;c; Vi be an open covering of an open subset U C X. By C, the set M = {X \{J,cp Vi|F C I finite}

has a C-minimal element.

O

2.3 Another form of the Nullstellensatz and Noetherianness of £
Let ¢ be algebraically closed, R = ¢[X1,...,X,]. For f € Rlet V(f) =V (fR).

Theorem 2.12 (Hilbert’s Nullstellensatz (3)). Let I € R be an ideal. Then V(I) C V(f) iff f € V/I.

Proof. Suppose f vanishes on all zeros of I. Let R’ == ¢[Xy,..., X,,,T], 9(X1,..., Xpn,T) =1-T-f(X1,..., Xn)
and J C R’ the ideal generated by g and the elements of I (viewed as elements of R’ which are constant in the
T-direction).

If f vanishes on all zeros of I, then J has no zeros in £"+!.

Thus there exist p; € I,i=1,...,n,q; € {{X1,..., X, T],i=1,...,n and q € ¢[X4, ..., X,,, T| such that

n
1 :9~q+2p¢qi
=1

Formally substituting ﬁ for Y, one obtains:

- 1
1= i (1, .., 2n)q | 21, Ty,
;p( ! )q ( ' f(xla"wxn))
Multiplying by a sufficient power of f, this yields an equation in R :
=3 pilen ) ) €
i=1
Thus f € V1. O

Corollary 2.13.

f:{I C R|T ideal, I = VI} — {A C £"|A Zariski-closed}
I— V()
{feRIACV(f)}+— A

is a C-antimonotonic bijection.

Corollary 2.14. The topological space £ is Noetherian.

Proof. Because the map from 2.13 is antimonotonic, strictly decreasing chains of closed subsets of £ are mapped
to strictly increasing chains of ideals in R. By the Basissatz (1.3), R is Noetherian. O

2.4 lIrreducible spaces

Let X be a topological space.
Definition 2.15. X is called irreducible, if X # () and the following equivalent conditions hold:
A Every open () # U C X is dense.

B The intersection of non-empty, open subsets U,V C X is non-empty.

CIf A, BC X areclosed, X = AUB then X = Aor X = B.
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D Every open subset of X is connected.

Proof.
A <= B by definition of denseness.
B<«= CLetU:=X\AV:=X\B.

B = D Suppose W is a non-connected open subset. Then there exists a decomposition W = U UV into disjoint
open subsets.

D = B If U,V # 0 are disjoint open subsets, then U UV is non-connected.

Corollary 2.16. Every irreducible topological space is connected.
Example. " is irreducible as shown in .
Fact. A A single point is always irreducible.

B If X is Hausdorff then it is irreducible iff it has precisely one point.

C X is irreducible iff it cannot be written as a finite union of proper closed subsets.

D X is irreducible iff any finite intersection of non-empty open subsets is non-empty. (0 := X)

Proof. A,B trivial

C = : Induction on the cardinality of the union. <= : [(f) = X is non-empty and any intersection of
two non-empty open subsets is non-empty.

D Follows from C.

2.4.1 Irreducible components

Fact. If D C X is dense, then X is irreducible iff D is irreducible with its induced topology.

Proof. X =0 iff D = (). Suppose B is the union of its proper closed subsets A, B. Then X = AU B. These are
proper closed subsets of X, as AN D = AN D (by closedness of D) and thus AN D # D.

On the other hand, if U and V are disjoint non-empty open subsets of X, then U N D and V N D are disjoint
non-empty open subsets of D. O

Definition 2.17 (Irreducible subsets). A subset Z C X is called irreducible if it is irreducible with its

induced topology. Z is called an irreducible component of X, if it is irreducible and if every irreducible
subset Z C Y C X coincides with Z.

Corollary 2.18. 1. Z C X is irreducible iff Z C X is irreducible.

2. Every irreducible component of X is a closed subset of X.

Notation 2.19. From now on, irreducible means irreducible and closed.

2.4.2 Decomposition into irreducible subsets
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Proposition 2.20. Let X be a Noetherian topological space. Then X can be written as a finite union
X =, Z; of irreducible closed subsets of X. One may additionally assume that i # j = Z; € Z,.
With this minimality condition, n and the Z; are unique (up to permutation) and {Z;,...,Z,} is the set
of irreducible components of X.

Proof. Let 9t be the set of closed subsets of X which cannot be decomposed as a union of finitely many
irreducible subsets. Suppose M # (). Then there exists a C-minimal Y € 9. Y cannot be empty or irreducible.
Hence Y = AU B where A, B are proper closed subsets of Y. By the minimality of Y, A and B can be written
as a union of proper closed subsets 4.

Let X = J;_, Z;, where there are no inclusions between the Z;. If Y is an irreducible subsets of X,
Y =, (Y NZ;) and there exists 1 <4 < n such that Y =Y NZ;. Hence Y C Z;. Thus the Z; are irreducible
components. Conversely, if Y is an irreducible component of X, Y C Z; for some ¢ and Y = Z; by the definition
of irreducible component. O

Remark. The proof of existence was an example of Noetherian induction : If F is an assertion about
closed subsets of a Noetherian topological space X and E holds for A if it holds for all proper subsets of
A, then E(A) holds for every closed subset A C X.

Proposition 2.21. By 2.13 there exists a bijection
f:{I C R|Iideal, I = VI} — {A C ¢"|A Zariski-closed}
I— V()
{fERIACV(f)}+—A

Under this correspondence A C €" is irreducible iff I :== f~1(A) is a prime ideal. Moreover, #A4 = 1 iff
I is a maximal ideal.

Proof. By the Nullstellensatz (2.2), A = ) <= I = R. Suppose A = B U C is a decomposition into
proper closed subsets A = V(J), B = V(K) where J = /J.K = VK. Since A # B and A # C, there are
feJ\I,ge K\I. fg vanishes on A = BUC. By the Nullstellensatz (2.12) fg € v/IT = I and T fails to be
prime.

On the other hand suppose that fg € I, f ¢ I, g ¢ I. By the Nullstellensatz (2.12) and I = /T neither f nor
g vanishes on all of A. Thus (ANV(f))U(ANV(g)) is a decomposition and A fails to be irreducible.

The remaining assertion follows from the fact, that the bijection is C-antimonotonic and thus maximal ideals
correspond to minimal irreducible closed subsets, which are the one-point subsets as £ is T. O]

2.5 Krull dimension

Definition 2.22. Let Z be an irreducible subset of the topological space X. Let codim(Z, X) be the
maximum of the length n of strictly increasing chains Z C Zy C Z; C ... & Z, of irreducible closed
subsets of X containing Z or oo if such chains can be found for arbitrary n. Let

. o if X =0
dim X = sup  zcx codim(Z,X) otherwise

Z irreducible

Remark. e In the situation of the definition Z is irreducible. Hence codim(Z, X) is well-defined and
one may assume without losing much generality that Z is closed.

e Because a point is always irreducible, every non-empty topological space has an irreducible subset
and for X # (), dim X is oo or maxgex codim({z}, X).

e Even for Noetherian X, it may happen that codim(Z, X) = co.

e Even for if X is Noetherian and codim(Z, X) is finite for all irreducible subsets Z of X, dim X may
be infinite.
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Fact. If X = {z}, then dim X = 0.

Fact. For every z € ¢, codim({z},£) = 1. The only other irreducible closed subset of ¢ is ¢ itself, which
has codimension zero. Thus dim € = 1.

Fact. Let Y C X be irreducible and U C X an open subset such that UNY # (). Then we have a bijection

f:{A C X|A irreducible, closed and Y C A} — {B C U|B irreducible, closed and Y NU C B}
Ar— ANU
B+« B

where B denotes the closure in X.
Proof. If A is given and B = ANU, then B # () and B is open hence (irreducibility of A) dense in A, hence
A = B. The fact that B = BNU is a general property of the closure operator. O

Corollary 2.23 (Locality of Krull codimension). Let ¥ C X be irreducible and U C X an open subset
such that U NY # (. Then codim(Y, X) = codim(Y N U, U).

Fact. Let Z C Y C X be irreducible closed subsets of the topological space X. Then

codim(Z,Y) + codim(Y, X) < codim(Z, X) (CD+)q : cdp

Proof. A chain of irreducible closed subsets between Z and Y and a chain of irreducible closed between Y and
X can be spliced together. O

Taking the supremum over all Z we obtain:
Fact. If Y is an irreducible closed subset of the topological space X, then

dim(Y) + codim(Y, X) < dim(X) (D+)q : dp
In general, these inequalities may be strict.

Definition 2.24 (Catenary topological spaces). A topological space T is called catenary if equality holds
in (??) whenever X is an irreducible closed subset of T

2.5.1 Krull dimension of £*

Theorem 2.25. dim " = n and ¥" is catenary. Moreover, if X is an irreducible closed subset of £", then
equality occurs in (77?).

Proof. Considering
{0} cex{0}CEx{0}C...C¢"

it is clear that codim({0},¥") > n.Translation by x € " gives us codim({z}, ") > n.
The opposite inequality follows from 2.51 (Z = " dim " < trdeg(R(Z)/¢) = trdeg(Q(¢[X1, ..., Xn])/t) =n).
The theorem is a special case of 2.68. O

Lemma 2.26. Every non-zero prime ideal p of a UFD R contains a prime element.
Proof. Let p € p\ {0} with the minimal number of prime factors, counted by multiplicity. If p was a unit,

then p O pR = R. If p = ab with non-units a, b, it follows that a € p or b € p contradicting the minimality
assumption. Thus p is a prime element of R. O

14/48



Algebra 1

Proposition 2.27 (Irreducible subsets of codimension one). Let p € R = ¢[X;, ..., X,,| be a prime element.
Then the irreducible subset X = V(p) C € has codimension one, and every codimension one subset of ¢”
has this form.

Proof. Since pR is a prime ideal, X = V (p) is irreducible. Since p # 0, X is a proper subset of ¢*. If X C Y C ¢
is irreducible and closed, then Y = V(q) for some prime ideal p C pR. If Y # £", then p # {0}. By 2.26 there
exists a prime element ¢ € q. As q C pR we have p | ¢. By the irreducibility of p and ¢ it follows that p ~ g.
Hence g=pR and X =Y.

Suppose X = V(p) C €" is closed, irreducible and of codimension one. Then p # {0}, hence X # ¢". By 2.26
there is a prime element p € p. If p # pR, then X C V(p) C € contradicts codim(X, ¢*) = 1. O

2.6 Transcendence degree
2.6.1 Matroids

Definition 2.28 (Hull operator). “Let X be a set, P(X) the power set of X. A Hull operator on X is
a map P(X) N P(X) such that

Hl1 VAeP(X)ACHA.

H2 ACBCX = H(A) CH(B).

H3 H(H(X)) = H(X).

We call H matroidal if in addition the following conditions hold:

M If m,ne€ X and A C X then m € H({n} UA)\ H(A) <= n e H({m}UA)\ H(A).
F H(4) = UFQA finite FL(F):

In this case, S C X is called Independent subset, if s ¢ H(S \ {s}) for all s € S and generating if
X =H(S). S is called a base, if it is both generating and independent.

®Not relevant for the exam.

Theorem 2.29. If H is a matroidal hull operator on X, then a basis exists, every independent set is
contained in a base and two arbitrary bases have the same cardinality.

Example. Let K be a field, V' a K-vector space and £(T) the K-linear hull of T for T'C V. Then L is a
matroidal hull operator on V.

2.6.2 Transcendence degree

Lemma 2.30. Let L/K be a field extension and let H(T) be the algebraic closure in L of the subfield of
L generated by K and T.* Then H is a matroidal hull operator.

This is the intersection of all subfields of L containing K U T, or the field of quotients of the sub-K-algebra of L generated
by T.

Proof. °H1, H2 and F are trivial. For an algebraically closed subfield K € M C L we have H(M) = M. Thus
H(H(T)) = H(T) (H3).

Let z,y € L, T C L and x € H(T U{y}) \ H(T'). We have to show that y € H(T U {z}) \ H(T). If y € H(T)
we have H(TU{y}) CHH(T)) =H({T) = =z € H(T)\H(T)4. Hence it is sufficient to show y € H(T'U{z}).
W.lo.g. T =0 (replace K be the subfield generated by K UT). Then z is algebraic over the subfield M of L
generated by K U {y}. Thus there exists 0 # P € M[T] with P(x) = 0. The coefficients p; of P belong to the
field of quotients of the K-subalgebra of L generated by y. There are thus polynomials @;, R € K[Y] such that

5Not relevant for the exam.
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pi = %Y R(y) #0. Let

R(y)
QX,Y) =Y X'Qi(Y)= Y q:; X'V =) YIQ;(X) € K[X,Y]
i=0 i,j=0 =0

. Then Q(z,y) = 0. Let p; = Q](x) Then P(y) = 0. As @ # 0 there is (i,j) € N? such that ¢;; # 0 and
then p; # 0 as = ¢ (D). Thus P € M[X]\ {0}, where M is the subfield of L generated by K and z. Thus y is
algebraic over M and y € H({z}), O

Definition 2.31 (Transcendence Base). Let L/K be a field extension and H(7") the algebraic closure in
L of the subfield generated by K and T. A base for (L,H) is called a transcendence base and the
transcendence degree trdeg(L/K) is defined as the cardinality of any transcendence base of L/K.

Remark. L/K is algebraic iff trdeg(L/K) = 0.

2.7 Inheritance of Noetherianness and of finite type by subrings and subalgebras /
Artin-Tate

The following will lead to another proof of the Nullstellensatz, which uses the transcendence degree.

Remark. There exist non-Noetherian domains, which are subrings of Noetherian domains (namely the
field of quotients is Noetherian).

Theorem 2.32 (Eakin-Nagata). Let A be a subring of the Noetherian ring B. If the ring extension B/A
is finite (i.e. B finitely generated as an A-module) then A is Noetherian.

Fact!. Let R be Noetherian and let B be a finite R-algebra. Then every R-subalgebra A C B is finite
over R.

Proof. Since B a finitely generated R-module and R a Noetherian ring, B is a Noetherian R-module (this is a
stronger assertion than Noetherian algebra). Thus the sub- R-module A is finitely generated. O

Proposition 2.33 (Artin-Tate). Let A be a subalgebra of the R-algebra B, where R is Noetherian. If
B/R is of finite type and B/A is finite, then A/R is also of finite type.

c

7

R (Noeth.)

A B

Proof. Let (b;)2; generate B as an A-module and (8;)7., as an R-algebra. There are a;jx € A such that
bibj = > peq aijkbr. And a;; € A such that §; = z;”:l a;jbj. Let A be the sub- R-algebra of A generated by
the a;j, and oy;. A is of finite type over R, hence Noetherian. The A-submodule generated by 1 and the b; is
a sub-R-algebra containing the §; and thus coincides with B. Hence B/A is finite. Since A C B, A/A is finite

(). Hence A/A is of finite type. By the transitivity of “of finite type”, it follows that A/R is of finite type.

éB

b

fl c

£
N
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2.7.1 Artin-Tate proof of the Nullstellensatz
Let K be a field and R = K[Xq,...,X,].

Definition 2.34 (Rational functions). Let K (X7,...,X,) = Q(R) be the field of quotients of R.
K(Xi,...,X,) is called the field of rational functions in n variables over K.

Lemma 2.35 (Infinitely many prime elements). There are infinitely many multiplicative equivalence classes
of prime elements in R.
Proof. Suppose (P;)™; is a complete (up to multiplicative equvialence) Isit of prime elements of R. m > 0, as
X, is prime. The polynomial f := 1+ []", P; is non-constant, hence not a unit in R. Hence there exists a
prime divisor P € R. As no P; divides f, P cannot be multiplicatively equivalent to any P;4. [

Lemma 2.36 (Ring of rational functions not of finite type). If n > 0, then K(X;,...,X,)/K is not of
finite type.

Proof. Suppose (f;)i~, generate K(X1,...,X,) as a K-algebra. Let f; = 9,a; € R,b € R\ {0}. Then bf; € R,
and as the f; generate K(X1,...,X,) as a K-algebra, for every g € K(X1,...,X,) there is N € N with

WgeR (+)NginR

However, if b = 5H§=1 P; is a decomposition of b into prime factors P; and a unit € in R and g = %, wehere
P € R is a prime element not multiplicatively equvalent to any P;, then (?7?) fails for any N € N. O

The Nullstellensatz (2.3) can be reduced to the case of 2.36:

Proof. (Artin-Tate proof of HNS) Let (I;)I_; be a transcendence base of L/K. If n =0 then L/K is algebraic,
hence an integral ring extension, hence a finite ring extension ().

Suppose n > 0. Let R C L be the K-subalgebra generated by the ;. R~R = K[Xy,...,X,], as the [; are
algebraically independent. As they are a transcendence base, L is algebraic over the field of quotients Q(R),
hence integral over Q(R).

As L/K is of finite type, so is L/Q(R) and it follows that L/Q(R) is a finite ring extension. By Artin-Tate

(2.33), Q(K) is of finite type over K. This contradicts 2.36, as R~ R = K(X1,...,X,) = Q(R). O

2.8 Transcendence degree and Krull dimension
Let R = €[X1,..., X,].

Notation 2.37. Let X C £" be an irreducible closed subset. Then X = V(p) for a unique prime ideal
p C R. Let R(X) := Q(R/p) denote the field of quotients of R/p.

Remark. As the elements of p vanish on X, R/p may be viewed as the ring of polynomials and £(X) as
the field of rational functions on X.

Theorem 2.38. If X C ¢" isirreducible, then dim X = trdeg(8(X)/¢) and codim (X, £") = n—trdeg(R(X)/¥).
More generally if Y C £" is irreducible and X C Y, then codim(X,Y) = trdeg(R(Y)/€) — trdeg(R(X)/¢t).

Proof. One part will be shown in "A first result on dimension theory" (2.50) and other one in "Aplication to
dimension theory: Proof of dimY = trdeg(&(Y")/€)" (2.13.2). The theorem is a special case of 2.68. O

Remark. Loosely speaking, the Krull dimension of X is equal to the maximal number of ¢-algebraically
independent rational functions on X. This is yet another indication that the notion of dimension is the
“correct” one.
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Remark. 2.25 follows.

2.9 The spectrum of a ring

Definition 2.39 (Spectrum). Let R be a commutative ring,.
e Let Spec R denote the set of prime ideals and mSpec R C Spec R the set of maximal ideals of R.
e For an ideal I C R let V/(I) := {p € Spec R|I C p}

e We equip Spec R with the Zariski-Topology for which the closed subsets are the subsets of the
form V(I), where I runs over the set of ideals in R.

Remark. When R = ¢[X1,..., X,], the notation V(I) clashes with the previous notation. When several
types of V(I) will be in use, they will be distinguished using indices.

Remark. Let (Ix)xea and (I;)7_; be ideals in R, where A may be infinite. We have V(Y o) In) =

Mrea V() and V(N I;) = V(IT;= I;) = Uj—, V(I;). Thus, the Zariski topology on SpecR is a
topology.

Remark. Let R = ¢[X,...,X,]. Then there exists a bijection (2.13, 2.21) between Spec R and the set
of irreducible closed subsets of £" sending p € Spec R to Ve (p) and identifying the one-point subsets with

o~

mSpec R. This defines a bijection £” = mSpec R which is a homeomorphism if mSpec R is equipped with
the induced topology from the Zariski topology on Spec R.

2.10 Localization of rings

Definition 2.40 (Multiplicative subset). A multiplicative subset of a ring R is a subset S C R such
that []" , fi € S whenn € Nand all f; € S.

Proposition 2.41. Let S C R be a multiplicative subset. Then there is a ring homomorphism R AN Rgs
such that i(S) C RS and ¢ has the universal property for such ring homomorphisms: If R 25 Tis a ring
homomorphism with j(S) C T, then there is a unique ring homomorphism Rg 4 T with § = 4.

I

T

*)RS

<

7
)
% El

Proof. The construction is similar to the construction of the field of quotients:

Let Rg == (R x S)/ ~, where (r,8) ~ (p,0) : & It € S tor = tsp [r,s] + [p,0] = [ro + ps,so],
[r,s] - [pso] =1[r-p,s-a] ‘

In order proof the universal property define ¢([r, s]) = ;8 The universal property characterizes Rg up to

unique isomorphism.

O

Remark. i is often not injective and Ker(i) = {r € R|3 s € S s-r = 0}. In particular (r = 1), Rg is the
null ring iff 0 € S.

6¢ does not appear in the construction of the field of quotients, but is important if S contains zero divisors.
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Notation 2.42. Let S C R be a multiplicative subset of R. We write * for [r, s]. The ring homomorphism
R % Rg igiven by i(r) = Z. For X C Rg let X MR denote i~!(X).

Definition 2.43 (S-saturated ideal). An ideal I C R is called S-saturated if for all s € S, € R
rscl = rel.

Fact. A prime ideal p C Spec R is S-saturated iff pN .S = 0.

Because the elements of S become units in Rg, J M R is an S-saturated ideal in R when J is an ideal in Rg.

Fact. Let I C R be an S-saturated ideal and let Is denote the ideal {Z|r € R,s € S} C Rg. Then for all
reR,seSwehave L € Ig < rel.

Proof. Clearly i € I = é e lg. If g € J there are + € I, o € S such that é = £ in Rg. This equation holds
iff there exists t € S such that tstc = toi. But tse € I hence ¢ € I, as I is S-saturated. O

Fact. The inverse image of a prime ideal under any ring homomorphism is a prime ideal.

Proposition 2.44.
f:{I C R|I S-saturated ideal} — {J C Rg|J ideal}
IH%IS%{ZHGLSGS}
s

JOR+—J

is a bijection. Under this bijection I is a prime ideal iff f(I) is.

Proof. Applying to s =1 gives Is M R = I, when [ is S-saturated.

Conversely, if J is given and I = JM R, % € Rg, then by L € IRy <= rel. Butas } =s- and s € R,
we have r € I <= 7 €J <= % € J . We have thus shown that the two maps between sets of ideals are
well-defined and inverse to each other.

By, J € SpecRs = f~(J)=JNR € Spec Rs. Suppose I € Spec R, %% € Ig for some a,b € R,s,t € S.
By abel. Thusa€IVbel, hence § € Ig \/% € Is and we have Ig € Spec Rg.

O

Remark. Let R be a domain. If S = R\ {0}, then Rg is the field of quotients Q(R). If S C R\ {0}, then
ng{gelﬂaeR,seS}

In particular Q(R) = Q(Rs).

Definition 2.45 (S-saturation). Let R be any ring, I C R an ideal. Even if I is not S-saturated,

J = 1Ig = {§|z € I,s € S} is an ideal in Rg, and IsMR = {r € R|s-r € I,s € S} is called the
S-saturation of I which is the smallest S-saturated ideal containing I.

Lemma 2.46. In the situation of 2.45, if S denotes the image of S in R/I, there is a canonical isomorphism
Rs/Is = (R/I)g.

Proof. We show that both rings have the universal property for ring homomorphisms R = T with 7(I) = {0}
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and 7(S) C T*. For such 7, by the fundamental theorem on homomorphisms (Homomorphiesatz) there is a
unique R/I = T such that 7 = 7ymgr . We have 71(S) = 7(S) C T*, hence there is a unique (R/I)g — T
such that the composition R/I — (R/I)g D2 T equals 1. Tt is easy to see that this is the only one for which
R— R/I - (R/I)5 = T equals 7.

Similarly, by the universal property of Rg there is a unique Rg — T whose composition with R — Rg equals
7. 13(Ig) = 0, hence a unique Rg/Is — T whose composition with TRg Is €quals 73 exists. This is the only
one for which the composition R — Rs — Rg/Is 24 T equals 7.

R - T - R

l Py T T 3!73l
TR, I .

R/]' A "__3! . Rg

| N

(R/ D)z Rs/Is

2.11 A first result of dimension theory

Notation 2.47. Let R be a ring, p € Spec R. Let £(p) denote the field of quotients of the domain R/p.
This is called the residue field of p.

Proposition 2.48. Let [ be a field, A a [-algebra of finite type and p, q € Spec A with p C q. Then

trdeg(E(p)/1) > trdeg(t(q)/)

Proof. Replacing A by A/p, we may assume p = {0} and A to be a domain. Then €¢(p) = Q(A4/p) = Q(A).

If q is a maximal ideal, £(q) = A/q is of finite type over [, hence a finite field extension of [ by the Nullstellensatz
(2.3). Thus, trdeg(t(q)/l) = 0. If trdeg(Q(A)/l) = 0, A would be integral over I, hence a field (fact about
integrality and fields, ). But if A is a field, p = {0} is a maximal ideal of A, hence q = p4. This finishes the
proof for g € mSpec A. We will use the following lemma to reduce the general case to this case:

Lemma 2.49. There are algebraically independent ay, . .., a, € A whose images in A/q form a transcendence
base for ¢(q)/I.

There exist aq,...,a, € A such that €(q) is algebraic over the subfield generated by [ and their images a;
(for instance generators of A as a [-algebra). We may assume that n is minimal. If the a; are [-algebraically
dependent, then w.l.o.g. @, can be assumed to be algebraic over the subfield generated by [ and the @;, 1 < i < n.
Thus, a, could be removed, contradicting the minimality.

Let q be any prime ideal. Take ai,...,a, € A as in the lemma. As the a; mod q are l-algebraically
independent, the same holds for the a; themselves. Thus trdeg(Q(A)/l) > n and the inequality is strict, if it can
be shown that the a; fail to be a transcendence base of Q(A)/l. Let R C A denote the [-subalgebra generated
by a1,...,a, and S := R\ {0}. We must show, that Q(A) fails to be algebraic over I := Rg = Q(R). Let
Ay = Ag and qg the prime ideal corresponding to q as in 2.44. We have qs # {0} as {0a}s = {0as}. A1 is
a domain with Q(A;1) =2 Q(A4) () and A;/qg is isomorphic to the localization of A/q with respect to the image
of Sin A/q (2.46). €(qs) is algebraic over [; because the image of 1 in ¢(qg) contains the images of [ and the
a;, and the images of the a; form a transcendence base for £(q)/[. By the fact about integrality and fields () it
follows that A;/qs is a field, hence qs € mSpec(A;) and the special case of ¢ € mSpec(A) can be applied to qg
and A;/l; showing that Q(A) cannot be algebraic over ;. O

Corollary 2.50.Let X, Y C ¢ be irreducible and closed. Then codim(X,Y) < trdeg(R(Y)/¢) —
trdeg(R(X)/¢).

Proof. Let X = X9 C X1 € ... € X,
X; = V(p;) for prime ideals pg 2 1

Y be a chain of irreducible closed subsets between X and Y. Then
.2 pcin R = ¢X3,...,X,]. By 2.48 we have trdeg(t(p;)/¢) <

Ul
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trdeg(€(p;+1)/¥) for all 0 < i < ¢. Thus
¢+ trdeg(R(X)/€) = ¢+ trdeg(t(po) /) < trdeg(t(p.)/t) = trdeg(R(Y)/¥)
As codim(X,Y) =sup{c e N3 X = X, C ... C X, =Y irreducible, closed} it follows that

codim(X,Y) < trdeg(R(Y)/t) — trdeg(R(X)/¢)

O
Corollary 2.51. Let Z C £" be irreducible and closed. Then
dim Z < trdeg(R(Z)/¥)
and
codim(Z, ") < n — trdeg(R(Z)/¢
Proof. Take X = {z} andY =Z or X = Z and Y = ¢" in 2.50. O

2.12 Local rings

Definition 2.52 (Local ring). Let R be a ring. R is called a local ring, if the following equivalent
conditions hold:

e #mSpecR=1
e R\ R* is an ideal.

If this holds, mp := R\ R* is the unique maximal ideal of R.

Proof. Suppose mSpec R = {m}. If z € m, then « ¢ R* as otherwise tR=R =— m = R. If z ¢ R* then R
is a proper ideal, hence contained in some maximal ideal. Thus x € m.

Assume that m = R\ R* is an ideal in R. As 1 € R* this is a proper ideal. If I is any proper ideal and
x € I, then x € m. Hence R = xR C I C m. It follows that m is the only maximal ideal of R. O

Remark. e Any field is a local ring (mg = {0}).

e The null ring is not local as it has no maximal ideals.

2.12.1 Localization at a prime ideal
Many questons of commutative algebra are easier in the case of local rings. Localization at a prime ideal is a

technique to reduce a problem to this case.

Proposition 2.53 (Localization at a prime ideal). Let A be a ring and p € Spec A. Then S := A\ p is a
multiplicative subset, Ag is a local ring with maximal ideal m = pg = {£|p € p,s € S}.
We have a bijection
f :Spec As — {q € Spec A|q C p}
t—tMA

ds = {%\quseS}Hq

Eps < a€p < acA\S
. Hence Ag is a local ring with

Proof. 1t is clear that S is a multiplicative subset and that pg is an ideal. By
for all a € A,s € S. Thus, if ¢ & ps then it is a unit in Ag with inverse
maximal ideal pg.

The claim about Spec Ag follows from 2.44 using the fact () that a prime ideal v € Spec A is S-saturated iff
it is disjoint from S = A\ p iff ¢ C p. O

a
s
s
a
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Definition 2.54. The ring Ag as in 2.53 is called the localization of A at the prime ideal p and
denoted A,.

Remark. This introduces no ambiguity because a prime ideal is never a multiplicative subset.

Remark. Let B = ¢[X1,...,X,], © € € and m the maximal ideal such that V(m) = {z}. The elements
of By, are the fractions %, be B,s € B\m,ie. s(z)#0. These are precisely the rational functions which
are well-defined in some neighbourhood of x. This will be rigorously formulated in 4.21.

Remark. Let Y = V(p) C £ be an irreducible subset of £”. Elements of B, are the fractions g, séep,
i.e. s does not vanish identically on Y. Thus, B, is the ring of rational functions on £* which are well
defined on some open subset U intersecting Y. As Y is irreducible, the intersection of two such subsets
still intersects Y.

Remark. For arbitrary A, we have a bijection Spec A, = N = {q € Spec Alp C p}. One can show that N
is the intersection of all neighbourhoods of p in Spec A, confirming the intuition that “the localization sees
things which go on in arbitrarily small neighbourhoods of p”.

Remark. If A is a domain and p = {0}, then 4, = Q(A).

2.13 Going-up and going-down

Definition 2.55 (Going-up and going-down). Let R be a ring and A an R-algebra.

Going-up holds for A/R if for arbitrary q € Spec A and arbitrary p € Spec R with p O q M R there
exists g € Spec A with q C g and p =4 R.

(We are given p C p and q such that p = qM R and must make q larger).

q Cc q € Spec A
I-HR IﬂR
qrR=p C p € Spec R

Going-down holds for A/R if for arbitrary q € Spec A and arbitrary p € Spec R with p C q M R, there
exists q € Spec A with ¢ C g and p = q T R.
(We are given p C p and g such that p = §M R and must make § smaller).

q
[
p

C € Spec A

Qi —
|
=

N
=21
I
|
=

€ Spec R

Remark. In the situation of 2.55, we say q € Spec A lies above p € Spec R if qTT R = p.

2.13.1 Going-up for integral ring extensions

Theorem 2.56 (Krull, Cohen-Seidenberg). Let A be a ring and R C A a subring such that A is integral
over R.

A The map Spec A AR Spec R is surjective.
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B For p € Spec R, there are no inclusions between the prime ideals p € Spec A lying over p.
C Going-up holds for A/R.

D q € Spec A is maximal iff p :== g N R is a maximal ideal of R.

Proof. D Consider the ring extension A/q of R/p. Both rings are domains and the extension is integral. By
the fact about integrality and fields () A/q is a field iff R/p is a field. Thus q € mSpec A <= p € mSpec R.

A Suppose p € Spec R and let S := R\ p. Then S is a multiplicative subset of both R and A, and we may
consider the localizations R 2 Ry, A = A, with respect to S. By the universal property of p, there exists

a unique homomorphism R, 5 A, such that ip = a‘R. We have j(%) = © and j is easily seen to be
injective.

R —— R,

\[Q ﬁa! i

A —— A,

Ay is integral over R,.  An element x € A, has the form x = ¢ for some s € R\ p and where a € A is
integral over R. Hence a" = Z?;()l r;a’ for some r; € R. Thus 2" = Z;:Ol pix® with p; == s"""r; € R,.
As i is injective and R, # {0} (R, is local!) A, # {0}, there is m € mSpec A,. D has already been
shown and applies to A,/R,, hence i~l(m) = pp is the only maximal ideal of the local ring R,. Hence
q = a~!(m) satisfies

qNR=a"'(m)NR=p""(""(m) =p~"(pp) =p

-1
B The map Spec A, —— Spec A is injective with image equal to {q € Spec A|gN R C p}. In particular, it
contains the set of all q lying over p. If ¢ = a~!(t) lies over p, then

PN @) = (W) NR=qnR=p=p""(py)

-1
hence i~ (t) = p, by the injectivity of Spec R, £— Spec R.
Because D applies to the integral ring extension A, /R, and p, € mSpec Ry, t is a maximal ideal. There are

—1
thus no inclusions between different such v. Because Spec A, 2 Spec A is C-monotonic and injective,
there are no inclusions between different p € Spec A lying over p.

C Let p C p be prime ideals of R and q € Spec A such that g R = p. By applying A to the ring extension
A/q of R/p, there is v € Spec A/q such that tM R/p = p/p. The preimage q of ¢t under A — A/q satisfies
gCgand gNR =p.

O

Remark. The proof of 2.56 does not use Noetherianness, as this is not an assumption.

2.13.2 Application to dimension theory: Proof of dimY = trdeg(&(Y)/¢)
This is part of the proof of 2.38.

Proof. Let B = ¢[X4,...,X,] and let X C Y C ¢ be irreducible closed subsets of ¢*. We have to show
codim(X,Y) = trdeg(R(Y)/¢) — trdeg(R(X) \ ). The inequality
<

codim(X,Y) < trdeg(R(Y) \ &) — trdeg(R(X) \ ¢)

has been shown in 2.50. In the case of X = {0},Y = £", equality holds because the chain of irreducible subsets
{0} C {0} xtC ... C {0} x £" C £" can be written down explicitely.

We have Y = V(p) for a unique p € Spec B. Let A = B/p be the ring of polynomials on Y. Apply the
Noether normaization theorem to A. This yields (f;)%_; € A% which are algebraically independent over € and
such that A is finite over the subalgebra generated by the f;. Let L be the algebraic closure in R(Y) of the
subfield of A(Y') generated by € and the f;. We have A C L and since &(Y) = Q(B/p) = Q(A)7 it follows that
A(Y) = L. Hence (f;)%_, is a transcendence base for &(y)/¢ and d = trdeg A(Y) /L.

by definition
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(X1,..., X4 — R
Pi—)P(fl,...,fd)

is an isomorphism and in €[X7,..., X,4] there is a strictly ascending chain of prime ideals corresponding to
td D {0} x €971 2 ... 2 {0}. Thus there is a strictly ascending chain {0} = po € p1 < ... C pg of elements
of Spec R. Let qop = {0} € Spec A. If 0 < i < d and a chain qo € ... € gq;—1 in Spec A with q; N R = p; for
0 < j < i has been selected, we may apply going-up (2.56) to A/R to extend this chain by a q; € Spec A with
qi—1 - q; and q: N R = pi (thus qQi—1 g_ q; as p —1 7£ pi—l)- Thus, we have a chain qo = {0} g_ g_ qd in
Spec A. Let q; == ﬂg}p(qi), Y; =V(q;). Thisisachain Y =Y; 2 Y7 2 ... D Yy of irreducible subsets of £".

Hence dim(Y") > trdeg(&(Y)/¥).

The general case of codim(X,Y) > trdeg(R(Y)/€) — trdeg(R(X) \ £) is shown in 2.13.8.

2.13.3 Prime avoidance

Proposition 2.57 (Prime avoidance). Let A be a ring and I C A a subset which is closed under arbitrary
finite sums and non-empty products, for instance, an ideal in A. Let (p;)?_; be a finite list of ideals in A
of which at most two fail to be prime ideals and such that there is no ¢ with I C p;. Then I ¢ [J;_, pi.

Proof. Induction on n. The case of n < 2 is trivial. Let n > 2 and the assertion be shown for a list of n — 1
ideals one wants to avoid. If n > 3 we may, by reordering the p; assume that p; is a prime ideal. By the
induction assumption, there is fr € I\ Uj#: p;. If there is k with 1 < k < n and fi & pg, then the proof is
finished. Otherwise

f+]lfernUw
j=2 j=1

2.13.4 The fixed field of the automorphism group of a normal field extension

Recall the definition of a normal field extension in the case of finite field extensions:

Definition 2.58. A finite field extension L/K is called normal, if the following equivalent conditions
hold:

A Let @K be an algebraic closure of K. Then any two expansions of Idx to a ring homomorphism
L — K have the same image.

B If P € K[T] is an irreducible polynomial and P has a zero in L, then P splits into linear factors.
C L is the splitting field of a P € K[T].

Fact. For an arbitrary algebraic field extension L/K, the following conditions are equivalent:
e [ is the union of its subfields which contain K and are finite and normal over K.
e If P € K|T] is normed, irreducible over K and has a zero in L, then it splits into linear factors in L.

e If L is an algebraic closure of L, then all extensions of Idx to a ring homomorphism L — L have the
same image.

Definition 2.59 (Normal field extension). An algebraic field extension® L/K is called normal if the
equivalent conditions from hold.

“not necessarily finite
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Definition 2.60. Suppose L/K is an arbitrary field extension. Let Aut(L/K) be the set of automorphisms
of L leaving all elements of (the image in L of) K fixed. Let G C Aut(L/K) be a subgroup. Then the
fixed field is definied as

LC ={leLNgeG:g()=1}

Proposition 2.61. Let L/K be a normal field extension. If the characteristic of the fields is O, then
LAWE/K) — K If the characteristic is p > 0, then LAWE/K) = {1 ¢ [|IIn e NIP" € K}.

Proof. In both cases LE Dis easy to see.
If K C M C L is an intermediate field, then L is normal over M. If o € Aut(M/K), an application of Zorn’s

lemma to the set of all (IV,¥) where N is an intermediate field M C N C L and N i) L a ring homomorphism
such that 0|y = o shows that o has an extension to an element of Aut(L/K). If M is normal over K, it is

easily seen to be Aut(L/K) invariant. Thus LS is the union of MA"(M/K) gyer all intermediate fields which
are finite and normal over K, and it is sufficient to show the proposition for finite normal extensions L/K.

e Characteristic 0: The extension is normal, hence Galois, and the assertion follows from Galois theory.

e Characteristic p > 0: Let | € L% and P € K|[T] be the minimal polynomial of [ over K. We show that
I’" € K for some n € N by induction on deg(l/K) = deg(P).
If deg(l/K) = 1, we have [ € K. Otherwise, assume that the assertion has been shown for elements of L¢
whose degree over K is smaller than deg(l/K). Let L be an algebraic closure of L and A a zero of P in
L. If M = K(I) C L, then there is a ring homomorphism M — L sending ! to A. This can be extended to

a ring homomorphism L % L. We have o € G because L/K is normal. Hence A = o(l) =1, as | € LE.
Thus [ is the only zero of P in L and because deg P > 1 it is a multiple zero. It is shown in the Galois
theory lecture that this is possible only when P(T') = Q(T?) for some @ € K[T]. Then Q(I{?) = 0 and the

induction assumption can be applied to z = [P showing z?" € K hence P € K for some m € N.

O

2.13.5 Integral closure and normal domains

Definition 2.62 (Integral closure, normal domains). Let A be a domain with field of quotients Q(A) and
let L be a field extension of Q(A). By 1.9 the set of elements of L integral over A is a subring of L, the
integral closure of A in L. A is Domain!integrally closed in L if the integral closure of A in L equals
A. A is Domain!normal if it is integrally closed in Q(A).

Proposition 2.63. Any factorial domain (UFD) is normal.

Proof. Let © € Q(A) be integral over A. Then there is a normed polynomial P € A[T] with P(z) = 0. In
Einfithrung in die Algebrait was shown that A[T] is a UFD and that the prime elements of A[T] are the elements
which are irreducible in Q(A)[T] and for which the ged of the coefficients is ~ 1. The prime factors of a normed
polynomial are all normed up to multiplicative equivalence. We may thus assume P to be irreducible in Q(A)[T].
But then deg P =1 as z is a zero of P in Q(A), hence P(T) =T —z and z € A as P € A[T].

Alternative proof®: Let 2 = ¢ € Q(A) be integral over A. W.lo.g. ged(a,b) = 1. Then ™ 4+ ¢p_12" " +
...+ ¢y = 0 for some ¢; € A. Multiplication with b™ yields a™ + ¢, _1ba™ ! + ...+ cob™ = 0. Thus b|a™. Since
ged(a, b) = 1 it follows that b is a unit, hence x € A. O

Remark. It follows from 1.10 and that the integral closure of A in some field extension L of Q(A) is
always normal.

Remark. A finite field extension of Q is called an algebraic number field (ANF). If K is an ANF, let
Ok (the ring of integers in K) be the integral closure of Z in K. One can show that this is a finitely
generated (hence free, by results of Einfihrung in die Algebra) abelian group. We have Og = Z by the

Shttp://www.math.lsa.umich.edu/~tfylam/Math221/2.pdf
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proposiiton.

2.13.6 Action of Aut(L/K) on prime ideals of a normal ring extension

Theorem 2.64. Let A be a normal domain, L a normal field extension of K := Q(A), B the integral
closure of A in L and p € Spec A. Then G := Aut(L/K) transitively acts on {q € Spec BlgN A = p}.

Proof. Let g,t be prime ideals of B above the given p € Spec A. We must show that there exists o € G such
that q = o(r). This is equivalent to q C o(t), since the Krull going-up theorem (2.56) applies to the integral
ring extension B/A, showing that there are no inclusions between different elements of Spec B lying above
p € Spec A.

If L/K is finite and there is no such o, then by prime avoidance (2.57) there is x € q\ J,cq o(r). Astisa
prime ideal, y =[], o(z) € q\t.” By the characterization of L for normal field extensions (2.61), there is a
positive integer k with y* € K. As A is normal, we have y* € KNB = A. Thus y* € (ANq)\(ANt) =p\p = 04.

If L/K is not finite, one applies Zorn’s lemma to the poset of pairs (M, o) where M is an intermediate field
and o € Aut(M/K) such that c(tN M) =qnN M.

O

Remark. The theorem is very important for its own sake. For instance, if K is an ANF which is a Galois
extension of Q it shows that Gal(K/Q) transitively acts on the set of prime ideals of Ok over a given
prime number p. More generally, if L/K is a Galois extension of ANF then Gal(L/K) transitively acts on
the set of q € Spec Oy, for which q N K is a given p € Spec O

2.13.7 A going-down theorem

Theorem 2.65 (Going-down for integral extensions of normal domains (Krull)). Let B be a domain which
is integral over its subring A. If A is a normal domain, then going-down holds for B/A.

Proof. Tt follows from the assumptions that the field of quotients Q(B) is an algebraic field extension of Q(A).
There is an algebraic extension L of Q(B) such that L/Q(A) is normal (for instance an algebraic closure of
Q(B)). Let C be the integral closure of A in L. Then B C C and C/B is integral.

Going-down holds for C/A. Let p C p be an inclusion of prime ideals of A and ¥ € Spec C' with tNA = p. By

going-up for integral ring extensions (2.56), Spec C 04, Spec A is surjectiv. Thus there is ¢/ € Spec C' such that
N A =p. By going up for C'/A there is ¥ € Spec C with ¥ N A = p,v/ C ¥. By the theorem about the action
of the automorphism group on prime ideals of a normal ring extension (2.64) there exists a o € Aut(L/Q(A))
with o(¥') = . Then v = o(v/) satisfiles t Ctand tNA=p. If p Cpis an inclusion of elements of Spec A and
q € Spec B with p N A = p, by the surjectivity of SpecC nB, Spec B (2.56) there is ¥ € Spec C with TN B = q.
By going-down for C'/A, there is vt € SpecC with t Ct and tN A =p. Then q :=tN B € SpecB,q C q and
qN A =p. Thus going-down holds for B/A. O

Remark (Universally Japanese rings). A Noetherian ring A is called universally Japanese if for every
p € Spec A and every finite field extension L of €(p), the integral closure of A/p in L is a finitely generated
A-module. This notion was coined by Grothendieck because the condition was extensively studied by the
Japanese mathematician Nataga Masayoshji. By a hard result of Nagata, algebras of finite type over a
universally Japanese ring are universally Japanese. Every field is universally Japanese, as is every PID of
characteristic 0. There are, however, examples of Noetherian rings which fail to be universally Japanese.

9HU€G a(z) = Ho’EG ‘771(1’)
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Example! (Counterexample to going down). Let R = £[X,Y] and A = £¢[X,Y, %] Then going down does
not hold for A/R:

For any ideal Y € ¢ C A we have X = 2 .Y € q. Consider (Y)gr € (X,Y)r C qNR. As (X,Y)g is
maximal and the preimage of a prime ideal is prime and thus proper, we have (X,Y)r = qN R. The prime
ideal (£,Y)4 = (3£, X,Y) 4 is lying over (X,Y)g, so going down is violated.

2.13.8 Proof of codim({y},Y) = trdeg(R(Y)/¢)
This is part of the proof of 2.38.

Proof. Let B =¢[X1,...,X,] and X CY = V(p) C ¢ irreducible closed subsets of €. We want to show that
codim(X,Y) = trdeg(R(Y)/¢) — trdeg(R(X)/¢). < was shown in 2.50. dimY > trdeg(R(Y")/¢) was shown in
2.13.2 by

Applying Noether normalization to A = B/p, giving us (f;)%, € A? such that the f; are algebraically
independent and A finite over the subalgebra generated by them. We then used going-up to lift a chain of prime

ideals corresponding to €2 2 {0} x €71 2 ... D {0} under YV’ F=Uodd)y 4d 4 5 chain of prime ideals in A.
This was done left-to-right as going-up was used to make prime ideals larger. In particular, when {0} € £¢ has
several preimages under F' we cannot control to which of them the maximal ideal terminating the lifted chain

belongs. Thus, we can show that in the inequality
codim({y},Y) < d = trdeg(R(Y) \ ¢)

(see 2.50) equality holds for at least one pint y € F~1({0}) but cannot rule out that there are other y € F~1({0})
for which the inequality becomes strict. However using going-down (2.65) for F', we can use a similar argument,
but start lifting of the chain at the right end for the point y € Y for which we would like to show equality. From
this codim(X,Y") > trdeg(R(Y)/¢) — trdeg(R(X)/¥) can be derived similarly to 2.50. Thus

codim(X,Y) = trdeg(R(Y)/t) — trdeg(R(X)/#)

follows (see and 2.68). O

Remark. The going-down theorem used to prove this is somewhat more general, as it does not depend on
£ being algebraically closed.

2.14 The height of a prime ideal

In order to complete the proof of 2.13.8 and show codim(X,Y") = trdeg(R(Y) /) — trdeg(R(X)/), we need to
localize the t-algebra with respect to a multiplicative subset and replace the ground field by a larger subfield of
that localization which is no longer algebraically closed. To formulate a result which still applies in this context,
we need the following:

Definition 2.66 (Height of a prime ideal). Let A be a ring, p € Spec A. We define the height of
the prime ideal p, ht(p), to be the largest £k € N such that there is a strictly decreasing sequence
p="po2 P12 ... 2 pi of prime ideals of A, or oo if there is no finite upper bound on the length of such
sequences.

Example. Let A = ¢X;,...,X,], X = V(p) for a prime ideal p. By the correspondence between
irreducible subsets of " and prime ideals in A (2.21), the p; correspond to irreducible subsets X; C £*
containing X. Thus ht(p) = codim(X, £").

Example. Let B = ¢[X;,...,X,],q € Spec B and let A := B/p. Let Y .=V (q) C ¢, p == wg}q(p), where

B ZZ% A is the projection to the ring of residue classes, and let X = V(p). By 2.44 we have a bijection
between the prime ideals v C p of A contained in p and the prime ideals and the prime ideals t € Spec B
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with g C Tt C p:

f:{veSpecAlxt Cp} — {f € SpecB|q C Tt C p}
t— wg}q (v)
t/q+—t
By 2.21, the t are in canonical bijection with the irreducible subsets Z of Y containing X. Thus, the chains

P =po 2 ... 2 P, are in canonical bijection with the chains X = Xo C X; C ... C X C Y of irreducible
subsets and ht(p) = codim(X,Y).

Remark. Let A be an arbitrary ring. One can show that there is a bijection between Spec A and the set
of irreducible subsets Y C Spec A:
f:Spec A — {Y C Spec A|Yirreducible}
p— Va(p)
U p—Y

pey

Thus, the chains p = pg 2 ... 2 pi are in canonical bijection with the chains V(p) = X9 € X1 € ... C
X1, C Spec A of irreducible subsets, and ht(p) = codim(V (p), Spec A).

2.14.1 The relation between ht(p) and trdeg

We will use the following

Lemma 2.67. Let [ be an arbitrary field, A a l-algebra of finite type which is a domain, K := Q(A) the
field of quotients and let (a;)}_; be [-algebraically independent elements of A. Then there exist a natural
number m > n and a transcendence base (a;), for K/l with a; € A for 1 <i < m.

Proof. The proof is similar to the proof of 2.49. There are a natural number m > n and elements (a;)j, | €
A™~™ which generate K in the sense of a matroid used in the definition of trdeg. For instance, one can use
generators of the [-algebra A. We assume m to be minimal and claim that (a;)J, are [-algebraically independent.
Otherwise there is 7 € N, 1 < j < m such that a; is algebraic over the subfield of K generated by I and the
(ai){;ll . We have j > n by the algebraic independence of (a;)}_;. Exchanging z; and ,,, we may assume
j = m. But then K is algebraic over its subfield generated by [ and the (ai)?lzl7 contradicting the minimality
of m. O

Theorem 2.68. Let [ be an arbitrary field, A a l-algebra of finite type which is a domain, and p € Spec A.
Let K := Q(A) be the field of quotients of A. Then

ht(p) = trdeg(K /1) — trdeg(E(p)/0)

Remark. By example , theorem 2.38 is a special case of this theorem.

Proof. If p =po 2 p1 2 ... 2 pi is a chain of prime ideals in A, we have trdeg(¢(p;)/l) < trdeg(¥(p;+1)/l) by
2.48 (“A first result of dimension theory”). Thus

k< trdeg(€(py) /1) — trdeg(E(p)/0) < trdeg(K/1) — trdeg(t(p) /1)

where the last inequality is another application of 2.48 (using K = Q(A) = Q(A/{0}) = £({0}) and the fact
that {0} C py, is a prime ideal). Hence

ht(p) < trdeg(K/1) — trdeg(t(p)/1)

and it remains to show the opposite inequality.
For any maximal ideal p € mSpec A
ht(m) > trdeg(K/I)
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By the Noether normalization theorem (1.12), there are (z;)%, € A% which are algebraically independent

over I such that A is finite over the subalgebra S generated by the x;. We have d = trdeg(K/l) as the z; form
a transcendence base of K/I.  We can choose z; € m By the Nullstellensatz (2.3), ¢(m) = A/m is a finite
field extension of [. Hence there exists a normed polynomial P; € [[T] with P;(x; mod m) = 0 in ¢(m). Let
Z; = P;j(z;) € m and S the subalgebra generated by the ;. As P;(z;) — Z; = 0, x; is integral over S and so is
S/ S. Tt follows that A/ S is integral, hence finite by . Replacing z; by #;, we may thus assume that z; € m.

The ring homomorphism ev, : R = [X1,..., X4] M A is injective. Because R is a UFD, R is
normal (2.63). Thus the going-down theorem (2.65) applies to the integral R-algebra A. For 0 < i < d, let
p; C R be the ideal generated by (Xj)?:iJrl' We have mM R = pg as all X; € m, hence X; € mM R and pg is a
maximal ideal. By applying going-down and induction on 4, there is a chain m = qg 2 p1 2 ... 2 pg of elements
of Spec A such that q; M R = p;. It follows that ht(m) > d. This finishes the proof in the case of p € mSpec A.

To reduce the general case to that special case, we proceed as in 2.48: By lemma 2.49 there are a1,...,a, € A
whose images in A/p form a transcendence base for €(p)/I. As these images are l-algebraically independent, the
same holds for the a; themselves.

By lemma 2.67 we can extend (a;)?; to a transcendence base (a;), € A™ of K/I. Let R C A denote the
I-subalgebra generated by as,...,a, and let S := R\ {0}. Let A; := Ag and pg the prime ideal corresponding to
p under Spec(A;) = {v € Spec A|tNS = 0} (2.44). Asin, A; is a domain with Q(A;) =2 K = Q(A) and by 2.46
A1/ps = (A/p)g, where S denotes the image of S'in A/p. As in 2.48, £(pg) = £(p) is integral over Ay /pg. From
the fact about integrality and fields (), it follows that A;/pg is a field. Hence pgs € mSpec(A;) and the special
case can be applied to pg and A; /[y, showing that ht(ps) > e = trdeg(K/l;). We have trdeg(K/l;) = m — n,
as (a;)j”,, 41 is a transcendence base for K/l;. By the description of Spec Ag (2.44), a chain ps =qo 2 ... 2 pe
of prime ideals in Ag defines a similar chain p; := q; M A in A with po = p. Thus ht(p) > e. O

Remark. As a consequence of his principal ideal theorem, Krull has shown the finiteness of ht(p) for
p € Spec A when A is a Noetherian ring. But dim A = sup,cgpec 4 ht(P) = SUDyemspec 4 (M), the Krull
dimension of the Noetherian topological space Spec A may nevertheless be infinite.

Example! (Noetherian ring with infinite dimension). ® Let A = £[X;|i € N] and m,ms,... € N an
increasing sequence such that m;1 —m; > m; —m;_1. Let p; == (Xpn, 11, .., Xony,,) and S = A\, o b
S is multiplicatively closed. Ag is Noetherian but ht((p;)s) = m;+1 — m; hence dim(Ag) = oo.

“https://math.stackexchange.com/questions/1109732/noetherian-ring-with-infinite-krull-dimension-nagatas-example

2.15 Dimension of products

Proposition 2.69. Let X C £ and Y C £" be irreducible and closed. Then X x Y is also an irreducible
closed subset of £+, Moreover, dim(X xY") = dim(X)+dim(Y") and codim(X xY, £€™") = codim (X, £™)+
codim(Y, €").

Proof. Let X =V (p) and Y = V(q) where p € Spect[X7, ..., X,,] and q € Spect[X1,..., X,]. We denote points
of " as x = (2/,2”) with 2’ € € 2" € €". Then X X Y is the set of zeroes of the ideal in €[X7,..., X, 1n]
generated by the polynomials f(xz) = ¢(z'), with ¢ running over p and g(z) = (z’) with v running over g.
Thus X x Y is closed in £€™*". We must also show irreducibility. X x Y # () is obvious.

Assume that X x Y = A; U A, where the A; C ™ are closed. For 2’ € ", 2’ x Y is homeomorphic to the
irreducible Y. Thus X = X;UX5 where X; = {z € X[{z} xY C A;}. Because X; = oy {7 € X|(z,y) € Ai},
this is closed. As X is irreducible, there is ¢ € {1;2} which X; = X. Then X x Y = A; confirming the
irreducibility of X x Y.

Let a = dimX and b = dimY and Xo € X; € ... € X, = XYy CY; € ... CY, =Y be chains of
irreducible subsets. By the previous result, Xo x Yo C Xy XYy C ... C Xy x Y C X, xV1 C...C X, xY, =
X x Y is a chain of irreducible subsets. Thus dim(X xY) > a+b = dim X + dimY. Similarly one derives
codim(X x Y, €"+") > codim(X, €™) + codim(Y, £"). By 2.38 we have dim(A) + codim(A, &) = [ for irreducible
subsets of €. Thus equality must hold in the previous two inequalities.

O

2.16 The nil radical

Notation 2.70. Let Vg(I) denote the set of p € Spec A containing I.
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Proposition 2.71 (Nil radical). For a ring 4, ,cgpeca P = V{0} ={a € ATk €N a* = 0}=nil(A),
the set of nilpotent elements of A. This is called the nil radical of A.

Proof. 1t is clear that elements of y/{0} must belong to all prime ideals. Conversely, let a € A\ \/{0}. Then
S = a" is a multiplicative subset of A not containing 0. The localisation Ag of A is thus not the null ring.
Hence Spec Ag # 0. If g € Spec Ag, then by the description of Spec Ag (2.44), p := g A is a prime ideal of A
disjoint from S, hence a & p. O

Corollary 2.72. For an ideal I of R, /T = npeVg(I) p.

Proof. This is obtained by applying the proposition to A = R/I and using the bijection Spec(R/I) = V(I)
sending p € V(I) to p :=p/I and q € Spec(R/I) to its inverse image p in R. O

2.16.1 Closed subsets of Spec R

Proposition 2.73. There is a bijection
f:{A C SpecR|A closed} — {I C R|I ideal and I = VI}
Av— ﬂ P

peA
Vs(I) «— T

Under this bijection, the irreducible subsets correspond to the prime ideals and the closed points {m}, m €
Spec A to the maximal ideals.

Proof. If A = Vs(I), then by 2.72 /T = NpeaP- Thus, an ideal with VI = T can be recovered from Vg(I).

Since Vs(J) = Vs(v/J), the map from ideals with v/T = I to closed subsets is surjective.

Sine R corresponds to ), the proper ideals correspond to non-empty subsets of Spec R. Assume that Vs(I) =
Vs(J1) U Vs(J2), where the decomposition is proper and the ideals coincide with their radicals. Let g = f1f2
with fx € Ji \ I. Since Vs(g) 2 Vs(f) 2 Va(Iy), Vs(I) C Vi(g). Hence g € VT = I. As fi ¢ I, I fails to be
a prime ideal. Conversely, assume that fi fo € I while the factors are not in I. Since I = /T, Vs(f) 2 Vs(I).
But Vs(f1) U Vs(f2) = Vs(fifz) 2 Vs(I). The proper decomposition Vs(I) = (Vs(I) N Vs(f1)) U (Vs(I) N Vs(f2))
now shows that Vg(I) fails to be irreducible. The final assertion is trivial. O

Corollary 2.74. If R is a Noetherian ring, then Spec R is a Noetherian topological space.

Remark. It is not particularly hard to come up with examples which show that the converse implication
does not hold.

Example’. Let A = £[X,|n € N]/I where I denotes the ideal generated by {X?|i € N}. A is not
Noetherian, since the ideal J generated by {X;|i € N} is not finitely generated. A/J = ¢ hence J is
maximal. As every prime ideal must contain nil(4) D J, J is the only prime ideal. Thus Spec A contains
only one element and is hence Noetherian.

Corollary 2.75 (About the smallest prime ideals containing I ). If R is Noetherian and I C R an ideal,
then the set Vs(I) = {p € Spec R|I C p} has finitely many C-minimal elements (p;)¥_, and every element
of V(I) contains at least one p;. The Vg(p;) are precisely the irreducible components of V' (I). Moreover

ﬂle p; =TI and k > 0 if I is a proper ideal.

Proof. If V5(I) = Ule Vs(p;) is the decomposition into irreducible components then every q € Vg(I) must
belong to at least one Vs(p;), hence p; C q. Also p; € Vs(p;) C Vs(I). Tt follows that the sets of C-minimal
elements of V5(I) and of {p1,...,px} coincide. As there are no non-trivial inclusions between the Vs(p;), there
are no non-trivial inclusions between the p; and the assertion follows. The final remark is trivial. O
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| Corollary 2.76. If R is any ring, ht(p) = codim(Vs(p), Spec R).

2.17 The principal ideal theorem

Krull was able to show:

Theorem 2.77 (Principal ideal theorem / Hauptidealsatz). Let A be a Noetherian ring, a € A and
p € Spec A a C-minimal element of Vs(a). Then ht(p) < 1.

Proof. Probably not relevant for the exam. O

Remark. Intuitively, the theorem says that by imposing a single equation one ends up in codimension at
most 1. This would not be true in real analysis (or real algebraic geometry) as the equation Y . | X 2=0
shows. By 2.75, if a is a non-unit then a p € Spec A to which the theorem applies can always be found.
Using induction on k, Krull was able to derive:

Theorem 2.78 (Generalized principal ideal theorem). Let A be a Noetherian ring, (a;)%, € A and
p € Spec A a C-minimal element of ﬂle V(a;), the set of prime ideals containing all a;. Then ht(p) < k.

Modern approaches to the principal ideal theorem usually give a direct proof of this more general theorem.

Corollary 2.79. If R is a Noetherian ring and p € Spec R, then ht(p) < oco.
Proof. If p is generated by (f;)*_,, then ht(p) < k. O

2.17.1 Application to the dimension of intersections

Remark. Let R = ¢[X1,...,X,] and I C R an ideal.
If (p;)%_, are the smallest prime ideals of R containing I, then (Vi (p;))%_, are the irreducible components
of VA(I)

Proof. The Vi (p;) are irreducible, there are no non-trivial inclusions between them and Vi (I) = Vo (V1) =
k k
Va(Mizi pi) = Uizq Va(pi). O

Corollary 2.80 (of the principal ideal theorem). Let X C €™ be irreducible, (f;)%_; elements of R =
€[ X1,...,X,] and Y an irreducible component of A = X N ﬂf:l V(fi). Then codim(Y, X) < k.

Remark. This confirms the naive geometric intuition that by imposing k£ equations one ends up in
codimension at most k.

Proof. f X = v(p), X N ﬂle V(fi) = V(I) where I C R is the ideal generated by p and the f;. By , Y =V(q)

where q is the smallest prime ideal containing I. Then q/p is a smallest prime ideal of R/p containing all (f;
mod p)%_,. By the principal ideal theorem (2.77), ht(q/p) < k and the assertion follows from example . O

Remark. Note that the intersection X N ﬂle V(f:) can easily be empty, even when k is much smaller
than dim X.

Corollary 2.81. Let A and B be irreducible subsets of ¢*. If C' is an irreducible component of A N B,
then codim(C, ") < codim(A4, ") + codim(B, £").
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Remark!. Equivalently, dim(C) > dim(A) + dim(B) — n.

Proof. Let X = A x B C £" where we use (Xi,...,X,,Y1,...,Y,) as coordinates of £2". Let A :=
{(z1,.. ., %0, T1,...,2n)|x € €*} be the diagonal in €" x €. The projection 2" — £ to the X-coordinates
defines a homeomorphism between (A x B) N A and AN B. Thus, C is homeomorphic to an irreducible
component C’ of (A x B) N A and

codim(C, €") = n — dim(C) = n — dim(C") = n — dim(A x B) + codim(C’, A x B)
2.80 06

< 2n —dim(A x B) £ on — dim(A4) — dim(B) = codim(A4, ") 4 codim(B, £")

by the general properties of dimension and codimension, 2.80 applied to (X; — ¥;)™_,, the result about the
dimension of products (2.69) and again the general properties of dimension and codimension.
O

Remark. As in , AN B can easily be empty, even when A and B have codimension 1 and n is very large.

2.17.2 Application to the property of being a UFD

Proposition 2.82. “Let R be a Noetherian domain. Then R is a UFD iff every p € Spec R with ht(p) = 1°
is a principal ideal.

“Limited relevance for the exam.
bIn other words, every C-minimal element of the set of non-zero prime ideals of R

Proof. Every element of every Noetherian domain can be written as a product of irreducible elements.'® Thus,
R is a UFD iff every irreducible element of R is prime.

Assume that this is the case. Let p € Spec R, ht(p) = 1. Let p € p\ {0}. Replacing p by a prime factor of p,
we may assume p to be prime. Thus {0} € pR C p is a chain of prime ideals and since ht(p) = 1 it follows that
p = pR.

Conversely, assume that every p € Spec R with ht(p) = 1 is a principal ideal. Let f € R be irreducible. Let
p € Spec R be a C-minimal element of V(f). By the principal ideal theorem (2.77), ht(p) = 1. Thus p = pR for
some prime element p. We have p|f since f € p. As f is irreducible, p and f are multiplicatively equivalent.
Thus f is a prime element. O

2.18 The Jacobson radical

11

Proposition 2.83. For aring A,Nycmspecam={a € AV 2z € A1 —az € A*}=tad(A), the Jacobson
radical of A.

Proof. Suppose m € mSpec A and a € A\ m. Then a mod m # 0 and A/m is a field. Hence @ mod m has an
inverse x+ mod m. 1 —ax € m, hence 1 — ax ¢ A* and a is not al element of the RHS.

Conversely, let a € A belong to all m € mSpec A. If there exists x € A such that 1 —az ¢ A* then (1 —ax)A
was a proper ideal in A, hence contained in a maximal ideal m. As a € m,;1 = (1 —az)+ax € m, a contradiction.
Hence every element of [ 4 m belongs to the right hand side. O

méemSpec

Example. If A is a local ring, then tad(A4) = m4.

Example. If A is a PID with infinitely many multiplicative equivalence classes of prime elements (e.g. Z
of £[X]), then tad(A) = {0}: Prime ideals of a PID are maximal. Thus if 2 € tad(A), every prime element
divides z. If = #£ 0, it follows that x has infinitely many prime divisors. However every PID is a UFD.

10Consider the set of principal ideals rR where 7 is not a product of irreducible elements.
M imited relevance for the exam.
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Example. If A is a PID for which p1,...,p, is a list of representatives of the multiplicative equivalence

classes of prime elements, then tad(A4) = fA where f =[]\, p;.

3 Projective spaces

Let [ be any field.

Definition 3.1. For a [-vector space V, let P(V) be the set of one-dimensional subspaces of V. Let
P"(I) := P(I"*1), the n-dimensional projective space over .

If [ is kept fixed, we will often write P™ for P™(I).

When dealing with P", the usual convention is to use 0 as the index of the first coordinate.

We denote the one-dimensional subspace generated by (zo,...,7,) € €1\ {0} by [2o,...,z,] € P
If x = [zg,...,2,] € P", the (z;)!, are called homogeneous coordinates of x. At least one of the x;
must be # 0.

Remark. There are points [1,0],[0,1] € P! but there is no point [0, 0] € P*.

Definition 3.2 (Infinite hyperplane). For 0 < ¢ < n let U; C P™ denote the set of [z, ..., z,] with z; # 0.
This is a correct definition since two different sets [z, ..., x,] and [&,. .., &,] of homogeneous coordinates
for the same point z € P™ differ by scaling with a A € [*, z; = A\¢;. Since not all 2; may be 0, P" = J*_, U;.
We identify A™ = A™([) = [ with Uy by identifying (z1,...,2,) € A™ with [1,21,...,2,] € P". Then
P! = A' U {oo} where co = [0,1]. More generally, when n > 0 P" \ A" can be identified with P"~!
identifying [0, z1,...,z,] € P*\ A" with [z1,...,2,] € P71

Thus P” is A™ 2 [ with a copy of P*~! added as an infinite hyperplane .

3.0.1 Graded rings and homogeneous ideals

Notation 3.3. Let [=Nor I =Z.

Definition 3.4. By an I-graded ring A, we understand a ring A with a collection (A4)q4er of subgroups
of the additive group (A, +) such that A, - Ap C Aq+p for a,b € T and such that A = ®deﬂ A, in the sense
that every r € A has a unique decomposition r = 3, ;74 with r4 € Ag and but finitely many ry # 0.

We call the ry the homogeneous components of 7.

An ideal I C A is called homogeneous if r € I =— Vd el ry € Iy where Iy := 1N Ay.

By a graded ring we understand an N-graded ring. Tin this case, Ay = @2, Aq = {r € Alro =0} is
called the augmentation ideal of A.

Remark (Decomposition of 1). If 1 =}, ;&4 is the decomposition into homogeneous components, then
€a =164 = Zbeﬂ €q€p With 46, € Agyp. By the uniqueness of the decomposition into homogeneous
components, e,60 = €, and b # 0 = e,6, = 0. Applying the last equation with a = 0 gives b # 0 —>
ep =¢c0cp = 0. Thus 1 =¢¢ € Ap.

Remark. The augmentation ideal of a graded ring is a homogeneous ideal.

Proposition 3.5. ¢
e A principal ideal generated by a homogeneous element is homogeneous.
e The operations ), [, ,/ preserve homogeneity.

e An ideal is homogeneous iff it can be generated by a family of homogeneous elements.
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%This holds for both Z-graded and N-graded rings.

Proof. Most assertions are trivial. We only show that J homogeneous == +/J homogeneous. Let A be
I-graded, f € v/J and f = > ger Ja the decomposition. To show that all fq € V/J, we use induction on
Ny = #{d €1|fy # 0}. Ny =0 is trivial. Suppose Ny > 0 and e € I is maximal with f. # 0. For [ € N, the
le-th homogeneous component of f!is f!. Choosing [ large enough such that f' € J and using the homogeneity
of J, we find f. € VJ. As V/J is an ideal, f == f — f. € V/J. As Nf~ = Ny — 1, the induction assumption may

be applied to f and shows f; € v/J for d # e. O

Fact. A homogeneous ideal is finitely generated iff it can be generated by finitely many of its homogeneous
elements. In particular, this is always the case when A is a Noetherian ring.

3.0.2 The Zariski topology on P"

Notation 3.6. Recall that for « € N**! |a| = > " a; and 2® = 2 ... - 29",

n

Definition 3.7 (Homogeneous polynomials). Let R be any ring and f = Y yni1 faX* € R[Xo, ..., X,].
We say that f is homogeneous of degree dif || #d = f, = 0. We denote the subset of homogeneous
polynomials of degree d by R[Xo,...,X,]a C R[Xo,..., X,

Remark. This definition gives R the structure of a graded ring.

Definition 3.8 (Zariski topology on P™(¢)). Let A = ¢[Xy,...,X,].* For f € Ay = ¢ Xo,...,Xn]q, the
validity of the equation f(xg,...,x,) =0 does not depend on the choice of homogeneous coordinates, as

FOzo,. .., Azn) 0N f (20, . . ., 20)

Let Vp(f) = {z € P"|f(z) = 0}.
We call a subset X C P™ Zariski-closed if it can be represented as

k

X =) Ve(fi)

p=l

where the f; € A;, are homogeneous polynomials.

“As always, t is algebraically closed
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Fact. If X = ﬂle Ve(fi) CP™ is closed, then Y = X N A™ can be identified with the closed subset
{(x1,...,zn) €E|fi(L,21,...,2p) =0,1 <3 < k} C €
Conversely, if Y C " is closed it has the form
{(x1,...,2p) € "gi(x1,...,2n) = 0,1 <7<k}
and can thus be identified with X N A™ where X = ﬂle Ve(fi) is given by
fiXo, ..., Xp) = X§9:(X1/Xo, ..., Xn/Xo),d; > deg(g;)

Thus, the Zariski topology on £" can be identified with the topology induced by the Zariski topology on
A"™ = Uy, and the same holds for U; with 0 <i < n.

In this sense, the Zariski topology on P can be thought of as gluing the Zariski topologies on the
U, =¢".

Definition 3.9. Let I C A = ¢[Xy, ..., X,] be a homogeneous ideal. Let Vp(I) := {[z0,...,n]| EP*|V f €
I f(zg,...,2,) = 0} As I is homogeneous, it is sufficient to impose this condition for the homogeneous
elements f € I. Because A is Noetherian, I can finitely generated by homogeneous elements (f;)*_, and
W) = ﬂi;l Ve(fi) as in 3.8. Conversely, if the homogeneous f; are given, then I = (f1,..., fx)a is
homogeneous.

Remark. Note that V(A) = V(Ay) = 0.

Fact. For homogeneous ideals in A and m € N, we have:
o Ve(Xonea In) =Myea Ve(In)
o V(s Ie) = Ve(ITizy k) = Uy Ve(Ik)
o Vo(VI) = Vp(I)

Fact. If X = J,c, Ux is an open covering of a topological space then X is Noetherian iff there is a finite
subcovering and all Uy are Noetherian.

Proof. By definition, a topological space is Noetherian <= all open subsets are quasi-compact.

Corollary 3.10. The Zariski topology on P™ is indeed a topology. The induced topology on the open set
A" = P\ Vp(Xo) = €" is the Zariski topology on £*. The same holds for all U; = P™ \ 1p(X;) = "
Moreover, the topological space P” is Noetherian.

3.1 Noetherianness of graded rings

Proposition 3.11. For a graded ring R,, the following conditions are equivalent:
A R is Noetherian.
B Every homogeneous ideal of R, is finitely generated.
C Every chain Iy C I; C ... of homogeneous ideals terminates.
D Every set 9 # () of homogeneous ideals has a C-maximal element.

E Ry is Noetherian and the ideal R is finitely generated.
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F Ry is Noetherian and R/ Ry is of finite type.

Proof. A = B,C,D trivial.
B <— C <= D similar to the proof about Noetherianness.
B A C = E B implies that R, is finitely generated. Since I & R is homogeneous for any homogeneous ideal
I C Ry, C implies the Noetherianness of R.
E = F Let R, be generated by f; € Rq,,d; > 0 as an ideal. ~The Ry-subalgebra Rof R generated by
the f; equals R. It is sufficient to show that every homogeneous f € Ry belongs to R. We use induction
on d. The case of d = 0 is trivial. Let d > 0 and R, C R for all e < d. as f € Ry, f = Zle gifi-
Let f, = Zle 9i,a—d; fi, where g; = ZZO:() gip is the decomposition into homogeneous components. Then
=302 fa is the decomposition of f into homogeneous components, hence a # d = f, = 0. Thus we may
assume ¢; € Rg_q4,. As d; > 0, the induction assumption may now be applied to g;, hence g; € R, hence fe R.
F — A Hilbert’s Basissatz (1.3)

O

3.2 The projective form of the Nullstellensatz and the closed subsets of P
Let A = €[Xo,..., Xn].

Proposition 3.12 (Projective form of the Nullstellensatz). If I C A is a homogeneous ideal and f € Ay
with d > 0, then Vp(I) C Va(f) <= f e VI.

Proof. <= is clear. Let Vp(I) C Vp(f). If z = (0, ...,xn) € Va(I), then either z = 0 in which case f(z) =0
since d > 0 or the point [zo,...,z,] € P" is well-defined and belongs to Vp(I) C Vp(f), hence f(z) = 0. Thus
Va(I) € Va(f) and f € VT be the Nullstellensatz (2.12). O

Definition 3.13. . For a graded ring R,, let Proj(R,) be the set of p € Spec R such that p is a
homogeneous ideal and p 2 R.

“This definition is not too important, the characterization in the following remark suffices.

Remark. As the elements of Ay \ {0} are units in A it follows that for every homogeneous ideal I we have
I C Ay or I =A. In particular, Proj(A4s) = {p € Spec A\ A |p is homogeneous}.

Proposition 3.14. There is a bijection

f: {I C A, |I homogeneous ideal, I = VI} — {X C P"|X closed}
I—s Va(I)
({f € Aald >0, X CVe(f)}) «— X

Under this bijection, the irreducible subsets correspond to the elements of Proj(As,).

Proof. From the projective form of the Nullstellensatz it follows that f is injective and that f~*(Ve (I)) = VI =
I. If X C P" is closed, then X = Vi(J) for some homogeneous ideal J C A. W.lo.g. J =+/J. If J Z A, then
J=A (), hence X = Vp(J) =0 = Vp(A;). Thus we may assume J C A, and [ is surjective.

Suppose p € Proj(4,). Then p # A, hence X = Vp(p) # (0 by the proven part of the proposition. Assume
X = X; U X, is a decomposition into proper closed subsets, where X = Vi(I) for some I}, C Ay, I; = Ij.
Since X, is a proper subset of X, there is f € I \ p. We have Vp(f1f2) 2 Ve(fr) 2 Ve(Ik) hence Vp(f1f2) 2
Ve(I1) U Vp(l2) = X = Vp(p) and it follows that f1f2 € /b =p4.

Assume X = Vp(p) is irreducible, where p = /p € A is homogeneous. The p # A4 as X = () otherwise.
Assume that fi1fo € p but f; & Ag, \ p. Then X € Vp(f;) by the projective Nullstellensatz when d; > 0 and
because Vp(1) = () when d; = 0. Thus X = (X NVp (f1))U(X NVp(f2)) is a proper decomposition 4. By lemma
3.16, p is a prime ideal.

O
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Remark. It is important that I C A, since Vp(4) = Vp(A4) = 0 would be a counterexample.

Corollary 3.15. P™ is irreducible.
Proof. Apply 3.14 to {0} € Proj(A.). O

3.3 Some remarks on homogeneous prime ideals

Lemma 3.16. Let R, be an I graded ring (I = N or I = Z). A homogeneous ideal I C R is a prime ideal
iff 1 € I and for homogeneous elements f,g € R, fge I — felvgel.

Proof. = is trivial. It suffices to show that for arbitrary f,g € Rfg € I — f € IVg € I. Let
f =2 ge1fa:9 = >_4c1 94 be the decompositions into homogeneous components. If f ¢ I and g € I there are
d,e € I with fy € I, g. € I, and they may assumed to be maximal with this property. As I is homogeneous and
fg € 1, we have (fg)ate € I but

(f9)are = fage + Y (farsge—s + fa-sgers)
=1

where fyg. € I by our assumption on I and all other summands on the right hand side are € I (as fyg45 € 1
and geys € I by the maximality of d and e), a contradiction. O

Remark. If R, is N-graded and p € Spec Ry, then p@® Ry = {r € R|ro € p} is a homogeneous prime ideal
of R.
{p € Spec R|p is a homogeneous ideal of Re} = Proj(Re) L {p @ Ry|p € Spec Ry}

3.4 Dimension of P"

Proposition 3.17. e P is catenary.
e dim(P™) = n. Moreover, codim({z},P") = n for every = € P™.
o If X CP" is irreducible and = € X, then codim({z}, X) = dim(X) = n — codim(X,P").
o If X CY C P are irreducible subsets, then codim(X,Y) = dim(Y") — dim(X).

Proof. Let X C P™ be irreducible. If z € X, there is an integer 0 < i < n and X € U; =P\ V3(X;). W.lo.g.
¢ = 0. Then codim(X,P") = codim(X N A", A™) by the locality of Krull codimension (2.23). Applying this
with X = {z} and our results about the affine case gives the second assertion. If Y and Z are also irreducible
with X C Y C Z, then codim(X,Y) = codim(X NA™ Y NA"), codim(X, Z) = codim(X N A" Z N A"™) and
codim(Y, Z) = codim(Y N A™, Z N A™). Thus

codim(X,Y) 4 codim(Y, Z) = codim(X N A", Y NA") + codim(Y N A", Z N A")
= codim(X NA", ZNA")
= codim(X, Z)

because £" is catenary and the first point follows. The remaining assertions can easily be derived from the first
two. O

3.5 The cone C(X)

Definition 3.18. If X C P" is closed, we define the affine cone over X
C(X) = {0} U{(x0,...,2,) € €T\ {0}|[zo, ..., 2] € X}

If X = Vp(I) where I C A, = ¢[Xo, ..., X,]+ is homogeneous, then C(X) = V().
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Proposition 3.19. e (C(X) is irreducible iff X is irreducible or X = 0.
e If X is irreducible, then
dim(C(X)) = dim(X) + 1 and
codim(C(X), €"*1) = codim(X,P")

Proof. The first assertion follows from 3.14 and 2.21 (bijection of irreducible subsets and prime ideals in the
projective and affine case).
Let d = dim(X) and
X0C...CXg=XCXy1C...CX,,=P"

be a chain of irreducible subsets of P". Then
{0} CC(Xp) S ... CC(Xg) =C(X) ... S O(X,,) ="

is a chain of irreducible subsets of €"*1. Hence dim(C(X)) > 1+ d and codim(C(X),€"*!) > n — d. Since
dim(C(X)) + codim(C(X), €"T1) = dim(€"™!) = n + 1, the two inequalities must be equalities. O

3.5.1 Application to hypersurfaces in P"

Definition 3.20 (Hypersurface). Let n > 0. By a hypersurface in P or A™ we understand an irreducible
closed subset of codimension 1.

Corollary 3.21.If P € A, is a prime element, then H = Vp(P) is a hypersurface in P and every
hypersurface H in P" can be obtained in this way.

Proof. If H = Vp(P) then C(H) = V4(P) is a hypersurface in €' by 2.27. By 3.19, H is irreducible and of
codimension 1.

Conversely, let H be a hypersurface in P*. By 3.19, C(H) is a hypersurface in €"*1, hence C(H) = Vp(P)
for some prime element P € A (again by 2.27). We have H = Vp(p) for some p € Proj(A) and C(H) = Vi(p).
By the bijection between closed subsets of €1 and ideals I = /T C A (2.13), p = P- A. Let P = ZZ:O Py
with P; # 0 be the decomposition into homogeneous components. If P, with e < d was # 0, it could not be a
multiple of P contradicting the homogeneity of p = P - A. Thus, P is homogeneous of degree d. O

Definition 3.22. A hypersurface H C P" has degree d if H = Vp(P) where P € Ay is an irreducible
polynomial.

3.5.2 Application to intersections in P and Bezout’'s theorem

Corollary 3.23. Let A C P™ and B C P” be irreducible subsets of dimensions a and b. If a +b > n, then
AN B # () and every irreducible component of AN B as dimension > a + b — n.

Remark. This shows that P indeed fulfilled the goal of allowing for nicer results of algebraic geometry
because “solutions at infinity” to systems of algebraic equations are present in P™ (see ).

Proof. The lower bound on the dimension of irreducible components of AN B is easily derived from the similar
affine result (corollary of the principal ideal theorem, 2.81). From the definition of the affine cone it follows that
C(ANB) =C(A)NC(B). We have dim(C(A)) = a+ 1 and dim(C(B)) = b+ 1 by 3.19. If AN B = (), then
C(A)NC(B) = {0} with {0} as an irreducible component, contradicting the lower bound a + b+ 1 —n > 0 for
the dimension of irreducible components of C(A) N C(B) (again 2.81). O

Remark (Bezout’s theorem). If A # B are hypersurfaces of degree a and b in P?, then AN B has ab points
counted by (suitably defined) multiplicity.
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4 Varieties

4.1 Sheaves

Definition 4.1 (Sheaf). Let X be any topological space.

A presheaf G of sets (or rings, (abelian) groups) on X associates a set (or rings, or (abelian) group)
rU,v

G(U) to every open subset U of X, and a map (or ring or group homomorphism) G(U) —— G(V) to
every inclusion V' C U of open subsets of X such that ryw = rv.wry,y for inclusions U C V C W of open
subsets.

Elements of G(U) are often called sections of G on U or global sections when U = X.

Let U C X be open and U = |J;c; U; an open covering. A family (fi)icr € [[;c; G(Us) is called
compatible if 7y, v,nvu, (fi) = rv,,v.nu; (f;) for all 4, j € 1.

Consider the map

S, w)ier 1 9U) — {(fi)ier € [[GW)Irv, vinu, (fi) = ru, vinw, (f) for i,5 € I}
el

[ (rou,(f))ier

A presheaf is called separated if ¢y (v,),., is injective for all such U and (U;);ez.® It satisfies gluing if
OU, (U )ier 18 Surjective.

A presheaf is called a sheaf if it is separated and satisfies gluing.

The bijectivity of the ¢y, (1,),., is called the sheaf axiom.

®This also called “locality”.

Trivial Nonsense'. A presheaf is a contravariant functor G : O(X) — C where O(X) denotes the category
of open subsets of X with inclusions as morphisms and C is the category of sets, rings or (abelian) groups.

Definition 4.2. A subsheaf G’ is defined by subsets (resp. subrings or subgroups) G'(U) C G(U) for all
open U C X such that the sheaf axioms still hold.

g
Remark. If G is a sheaf on X and € X open, then G|o(U) = G(U) for open U C €2 and réy“/n)(f) =

rgjg‘)/(f) is a sheaf of the same kind as G on Q.

Remark. The notion of restriction of a sheaf to a closed subset, or of preimages under general continuous
maps, can be defined but this is a bit harder.

Notation 4.3. It is often convenient to write f‘v instead of ry, v (f).

Remark. Applying the sheaf axiom to the empty covering of U = (), one finds that G(0)) = {0}.
4.1.1 Examples of sheaves

Example. Let G be a set and let &(U) be the set of arbitrary maps U G we put ry v (f) = flv- It
is easy to see that this defines a sheaf. If - is a group operation on G, then (f - g)(x) :== f(z) - g(z) defines
the structure of a sheaf of group on &. Similarly, a ring structure on G can be used to define the structure
of a sheaf of rings on &.
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Example. If in the previous example G carries a topology and G(U) C &(U) is the subset (subring,

subgroup) of continuous functions U EN G, then G is a subsheaf of &, called the sheaf of continuous
G-valued functions on (open subsets of) X.

Example. If X = R", K € {R,C} and O(U) is the sheaf of K-valued C'*°-functions on U, then O is a
subsheaf of the sheaf (of rings) of K-valued continuous functions on X.

Example. If X = C" and O(U) the set of holomorphic functions on X, then O is a subsheaf of the sheaf
of C-valued C'°°-functions on X.

4.1.2 The structure sheaf on a closed subset of £

Let X C " be open. Let R = ¢[X1,...,X,].

Definition 4.4. For open subsets U C X, let Ox (U) be the set of functions U 2, ¢ such that every v € U
has a neighbourhood V' such that there are f,g € R such that for y € V we have g(y) # 0 and ¢(y) = %.

Remark. Ox is a subsheaf (of rings) of the sheaf of ¢-valued functions on X. The elements of Ox (U) are
continuous: Let M C ¢ be closed. We must show the closedness of N := ¢~1(M) in U. For M = ¢ this
is trivial. Otherwise M is finite and we may assume M = {t} for some ¢t € £. For « € U, there are open
Ve CU and f;, g, € R such that ¢ = % on V. Then NNV, =V (fy —t-g;)NVy) is closed in V,,. As the
V: cover U and U is quasi-compact, N is closed in U.

Proposition 4.5. Let X = V(I) where I = /I C R is an ideal. Let A = R/I. Then

¢: A— Ox(X)
f modL—)f‘X

is an isomorphism.

Proof. Tt is easy to see that the map A — Ox(X) is well-defined and a ring homomorphism. Its injectivity
follows from the Nullstellensatz and I = /T (2.12).

Let ¢ € Ox(X). for x € X, there are an open subset U, C X and f,,g, € R such that ¢ = % on U,.
W.lo.g. we can assume U, = X \ V(g,). The closed subsets (X \ U,) C #" has the form X \ U, = V(J,) for
some ideal J, C R. As z ¢ X \ 'V, there is h,, € J, with h,(z) # 0. Replacing U, by X \ V(hs), fz by fohs
and ¢, by gzh,, we may assume U, = X \ V(g,). W.lo.g. we can assume V(g,) C V(f,). Replace f, by
fzgz and g, by g2. As X is quasi-compact, there are finitely many points (z;)™, such that the U,, cover X.
Let U; = Uy,, fi = fz;5 9i = Gu;-

As the U; = X \ V(g;) cover X, V(I)NNi2, V(g:) = X NNi~, V(g:) = 0. By the Nullstellensatz (2.2) the
ideal of R generated by I and the a; equals R. There are thus n > m € N and elements (g;);_,,,; of I and
(a;)'—; € R™ such that 1 =>"" a;g;. Let fori >m f; =0, F =" a;fi =Y v a;fi € R.

Forallz € X fi(x) = ¢(x)g;(x). If x € V; this follows by our choice of f; and g;. f z € X\ V; ori >m
both sides are zero. It follows that

p(x) = ¢(x) -1 = ¢(x) - Zai(x)gi(m) = Zai(m)fi(x) = F(x)
Hence ¢ = F‘X. O

4.1.3 The structure sheaf on closed subsets of P"

Let X C P be closed and R, = ¢[Xy, ..., X,] with its usual grading.
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Definition 4.6. For open U C X, let Ox(U) be the set of functions U 2, ¢ such that for every x € U,
there are an open subset W C U, a natural number d and f,g € Ry such that W N Vp(g) = 0 and

(b(y):%fory:[yo,...,yn]GW.

Remark. This is a subsheaf of rings of the sheaf of €-valued functions on X. Under the identification
A™ = ¢ with P™\ Vp(Xy), one has Ox ‘X\Vu»(Xo) = Oxnar as subsheaves of the sheaf of £-valued functions,
where the second sheaf is a sheaf on a closed subset of £":

Indeed, if W is as in the definition then ¢([1,y1,...,ys]) = % for [1,y1,...,yn] € W. Conversely

it o([L,y1,..-,yn)) = % on an open subset W of X N A™ then ¢([yo,...,yn]) = % on W

where F(Xy,...,X,) = ng(%, cey i((o) and G(Xo,...,Xp) = ng()%, cees f(o) with a sufficiently large
deN.

Remark. It follows from the previous remark and the similar result in the affine case that the elements
of Ox(U) are continuous on U \ V(Xj). Since the situation is symmetric in the homogeneous coordinates,
they are continuous on all of U.

The following is somewhat harder than in the affine case:

Proposition 4.7. If X is connected (e.g. irreducible), then the elements of Ox (X)) are constant functions
on X.

4.2 The notion of a category

Definition 4.8. A category A consists of:
e A class Ob A of objects of A.
e For two arbitrary objects A, B € Ob A, a set Hom4(A, B) of morphisms for A to B in A.

e A map Hom4(B,C) x Homy4 (A, B) = Homy (A, C), the composition of morphisms, for arbitrary
triples (A, B, C) of objects of A.

The following conditions must be satisfied:
A For morphisms AL B i>C'£>D, we have ho(go f) = (hog)o f.
B For every A € Ob(A), there is an Id4 € Hom 4(A, A) such that Id4 o f = f (reps. golds = g) for

arbitrary morphisms B ENY) (reps. A 4, ).

A morphism X L, v is called an isomorphism (in A) if there is a morphism ¥ 2 X (called the
inverse f~! of f) such that go f =Idyx and fog = Idy.

Remark. e The distinction between classes and sets is important here.
o We will usually omit the composition sign o.
e It is easy to see that Id4 is uniquely determined by the above condition B, and that the inverse f~!

of an isomorphism f is uniquely determined.

4.2.1 Examples of categories

Example. e The category of sets.
e The category of groups.

e The category of rings.
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o If R is a ring, the category of R-modules and the category 2Alg, of R-algebras
e The category of topological spaces
e The category Uar; of varieties over £ (see 4.11)

e If A is a category, then the opposite category or dual category is defined by Ob(.A°P) = Ob(A)
and Hom 400 (X,Y) = Hom4 (Y, X).
In most of these cases, isomorphisms in the category were just called ‘isomorphism’. The isomorphisms
in the category of topological spaces are the homeomophisms.

4.2.2 Subcategories

Definition 4.9 (Subcategories). A subcategory of A is a category B such that Ob(B) C Ob(.A), such that
Homp(X,Y) C Hom4(X,Y) for objects X and Y of B, such that for every object X € Ob(B), the identity
Idx of X is the same in B as in A, and such that for composable morphisms in B, their compositions in
A and B coincide. We call B a full subcategory of A if in addition Homg(X,Y) = Hom4(X,Y") for
arbitrary X,Y € Ob(B).

Example. e The category of abelian groups is a full subcategory of the category of groups. It can be
identified with the category of Z-modules.

e The category of finitely generated R-modules as a full subcategory of the category of R-modules.
e The category of R-algebras of finite type as a full subcategory of 2lgp.

e The category of affine varieties over £ as a full subcategory of the category of varieties over €.

4.2.3 Functors and equivalences of categories

Definition 4.10. A (covariant) functor (resp. contravariant functor) between categories A L Bisa

map Ob(A) EiN Ob(B) with a family of maps Hom 4(X,Y") EiN Homp(F(X), F(Y)) (resp. Homy4(X,Y) EiN
Homp(F(Y), F(X)) in the case of contravariant functors), where X and Y are arbitrary objects of 4, such
that the following conditions hold:

o F(ldx) = Idp(x)

e For morphisms X Ly % Zin A, we have F(gf) = F(g9)F(f) (resp. F(9f) = F(f)F(9))

A functor is called essentially surjective if every object of B is isomorphic to an element of the image

of Ob(A) EiN Ob(B). A functor is called full (resp. faithful) if it induces surjective (resp. injective) maps
between sets of morphisms. It is called an equivalence of categories if it is full, faithful and essentially
surjective.

Example. e There are forgetful functors from rings to abelian groups or from abelian groups to sets
which drop the multiplicative structure of a ring or the group structure of a group.

e If £ is any vector space there is a contravariant functor from €-vector spaces to itself sending V to its

dual vector space V C and V i> W to the dual linear map W* f—> V*. When restricted to the full
subcategory of finite-dimensional vector spaces it becomes a contravariant self-equivalence of that
category.

e The embedding of a subcategory is a faithful functor. In the case of a full subcategory it is also full.

4.3 The category of varieties

Definition 4.11 (Algebraic variety). An algebraic variety or prevariety over £ is a pair (X, Ox), where
X is a topological space and Ox a subsheaf of the sheaf of ¢-valued functions on X such that for every
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x € X, there are a neighbourhood U, of x in X, an open subset V, of a closed subset Y, of £"=% and a
homeomorphism V, - U, such that for every open subset V C U, and every function V Jy ¢, we have
feO0x(V) = 3(f) € Oy, (7' (V)),

In this, the pull-back ¢%(f) of f is defined by (¢%(f))(&) = f(¢x(&)).

A morphism (X, Ox) — (Y, Oy) of varieties is a continuous map X 2, Y such that for all open U C Y
and f € Oy (U), ¢*(f) € Ox(¢~*(U)). An isomorphism is a morphism such that ¢ is bijective and ¢!
also is a morphism of varieties.

By the result of 4.17 it can be assumed that V, = Y; without altering the definition.

Example. o If (X,0x) is a variety and U C X open, then (U, (’)X‘U) is a variety (called an open
subvariety of X), and the embedding U — X is a morphism of varieties.

e If X is a closed subset of £" or P", then (X, Ox) is a variety, where Oy is the structure sheaf on X
(4.4, reps. 4.6). A variety is called affine (resp. projective) if it is isomorphic to a variety of this
form, with X closed in € (resp. P™). A variety which is isomorphic to and open subvariety of X is
called quasi-affine (resp. quasi-projective).

2

e If X =V (X?2-Y?3) C €2 thent M X is a morphism which is a homeomorphism of topological

spaces but not an isomorphism of varieties.

e The composition of two morphisms X — Y — Z of varieties is a morphism of varieties.

Id . . c .
e X =% X is a morphism of varieties.

4.3.1 The category of affine varieties

Lemma 4.12. Let X be any ¢-variety and U C X open.

i) All elements of Ox (U) are continuous.

ii) If U C X is open, U LN any function and every x € U has a neighbourhood V, C U such that
>“Vm € Ox(vz), then \ € Ox(U)

iii) If ¥ € Ox(U) and 9(z) # 0 for all x € U, then ¥ € Ox(U)*.

Proof. i) The property is local on U, hence it is sufficient to show it in the quasi-affine case. This was done
in .

ii) For the second part, let A\, = /\‘Vm- We have Am‘VmVy = )\‘vay = )\y‘v.mVy~ The V,, cover U. By the
sheaf axiom for Ox there is £ € Ox (U) with E‘Vm = A;. It follows that £ = \.

iii) By the definition of variety, every x € U has a quasi-affine neighbourhood V' C U. We can assume U to
be quasi-affine and X = V(I) C £", as the general assertion follows by an application of ii). If z € U there

are a neighbourhood z € W C U and a,b € R = ¢[X;y,...,X,] such that d(y) = % for y € W, with
b(y) # 0. Then a(z) # 0 as ¥(x) # 0. Replacing W by W\ V(a), we may assume that a has no zeroes on
W. Then A(y) = Z(('Z% for y € W has a non-vanishing denominator and A € Ox(U). We have A - ¥ = 1,
thus ¥ € Ox (U)*.

O

Proposition 4.13 (About affine varieties). e Let X,Y be varieties over £. Then the map
¢ : HquyatE (X, Y) — Homm[ge (Oy(Y), OX (X))
x Ly)— 0y )L 0x(x))

is injective when Y is quasi-affine and bijective when Y is affine.
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e The contravariant functor

F :Bar, — Alg,

X L v)— 0x(Xx) L 0y (7))

restricts to an equivalence of categories between the category of affine varieties over £ and the full
subcategory A of 2lg,, having the t-algebras A of finite type with nil A = {0} as objects.

Remark. It is clear that nil(Ox (X)) = {0} for arbitrary varieties. For general varieties it is however not
true that Ox (X) is a t-algebra of finite type. There are counterexamples even for quasi-affine X.

If, however, X is affine, we may assume w.l.o.g. that X = V(I) where I = /I C R is an ideal with
R=¢¥X1,...,X,]. Then Ox(X) = R/I (see 4.5) is a t-algebra of finite type.

Proof. Tt suffices to investigate ¢ when Y is an open subset of V(I) C ¢, where I = v/T C R is an ideal and
Y = V(I) when Y is affine. Let (f1,..., fn) be the components of X Ly cen. Let Y 55 ¢ be the i-th

coordinate. By definition f; = f*(¢;). Thus f is uniquely determined by Oy (Y) EMR Ox (X). Conversely, let

Y =V () and Oy (Y) 2, Ox(X) be a morphism of ¢-algebras. Define f; := ¢(&;) and consider X SV end),

Y C €. f has image contained in Y. For z € X, A\ € I we have A(f(z)) = (¢(A mod I))(xz) =0 as ¢
is a morphism of t-algebras. Thus f(z) € V(I) =Y. f is a morphism in Yary, For open Q C Y, U =
F7HUQ) ={z € X|VAeJ (¢(N)(z) # 0} is open in X, where Y \ Q = V(J). If A € Oy (Q) and x € U, then
f(z) has a neighbourhood V such that there are a,b € R with A\(v) = ZE;’)) and b(v) # 0 for all v € V. Let
W= f~}(V). Then a = ¢(a)|w € Ox(W), B = ¢(b)|w € Ox(W). By the second part of 4.12 3 € Ox (W)*
and f*(N)|w = § € Ox(W). The first part of 4.12 shows that f*()) € Ox(U). By definition of f, we have
f* = ¢. This finished the proof of the first point.

The functor in the second part maps affine varieties to objects of A and is essentially surjective. It follows
from the remark that the functor maps affine varieties to objects of A.

If A € Ob(A) then A/t is of finite type, thus A =2 R/ for some n. Since nil(A) = {0} we have I = /T, as for
z €I,z mod I € nil(R/T) = nil(A) = {0}. Thus A = Ox(X) where X = V(I). Fullness and faithfulness
of the functor follow from the first point. O

Remark. Note that giving a contravariant functor C — D is equivalent to giving a functor C — D°P.
We have thus shown that the category of affine varieties is equivalent to .A°P, where A C g, is the full
subcategory of ¢-algebras A of finite type with nil(A) = {0}.

4.3.2 Affine open subsets are a topology base

Definition 4.14. A set B of open subsets of a topological space X is called a topology base for X if
every open subset of X can be written as a (possibly empty) union of elements of 5.

Fact. If X is a set, then B C P(X) is a base for some topology on X iff X = (J;;.3 U and for arbitrary
U,V € B,UNYV is a union of elements of B.

Definition 4.15. Let X be a variety. An affine open subset of X is a subset which is an affine variety.

Proposition 4.16. Let X be an affine variety over ¢, A € Ox(X) and U = X \ V(\). Then U is an affine

variety and the morphism ¢ : Ox(X)x — Ox(U) defined by the restriction Ox (X) SUNY) x(U) and the
universal property of the localization is an isomorphism.

Proof. Let X be an affine variety over &, A € Ox(X) and U = X \ V(A). The fact that Alu € O, (U)* follows
from 4.12. Thus the universal property of the localization Ox (X ), can be applied to Ox(X) o, Ox(U).
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Ox(X) — Ox<X))\ o Y Oy(Y) gA)\
e 7ol
Ox(U) <« 3¢ X —U Ox(U)

For the rest of the proof, we may assume X = V(I) C £" where I = I C R = ¢[X1,...,
A= 0Ox(X) = R/I and there is £ € R such that fx = A Let Y = V(J) C €+ where J
generated by the elements of I and 1 — Z4(Xq, ..., X,).

Then Oy (Y) 2 ¢Z,X4,...,X,]/J =2 A[Z]/(1 — AZ) = A,. By the proposition about affine varieties (4.13),
the morphism s : Oy (Y) 2 Ay — Ox(U) corresponds to a morphism U Z+ Y. We have 5(Z mod J) = A\~! and
s(X; mod J) = X; mod I. Thus o(z) = (M)~ ', z) for x € U. Moreover, the projection ¥ =% X dropping
the Z-coordinate has image contained in U, as for (z,2) € Y the equation

X, is an ideal. Then
CeZ X1,...,Xn] is

1=2z\(x)

implies A\(z) # 0. It thus defines a morphism Y =5 U and by the description of ¢ it follows that o = Idy.
Similarly it follows that om = Idy. Thus, ¢ and 7 are inverse to each other. O

Corollary 4.17. The affine open subsets of a variety X are a topology base on X.

Proof. Let X = V(I) C € with I = /I. If U C X is open then X \ U = V(J) with J D I and U =
Uses (X \V(f)). Thus U is a union of affine open subsets. The same then holds for arbitrary quasi-affine
varieties.

Let X be any variety, U C X open and x € U. By the definition of variety, = has a neighbourhood V,, which
is quasi-affine, and replacing V, by U NV, which is also quasi-affine we may assume V,, C U. V. is a union of
its affine open subsets. Because U is the union of the V,, U as well is a union of affine open subsets. O

4.4 Stalks of sheaves

Definition 4.18 (Stalk). Let G be a presheaf of sets on the topological space X, and let x € X. The stalk
(Halm) of G at x is the set of equivalence classes of pairs (U, ), where U is an open neighbourhood of x
and v € G(U) and the equivalence relation ~ is defined as follows: (U, ) ~ (V,9) iff there exists an open
neighbourhood W C U NV of x such that 'y‘w = S‘W.

If G is a presheaf of groups, one can define a groups structure on G, by

(U, ~)-((V,8)/ ~) =UNV,y|vnv - b|unv)/ ~
If G is a presheaf of rings, one can similarly define a ring structure on G,.
If U is an open neighbourhood of € X, then we have a map (resp. homomorphism)
V=Y = (U,7)/ ~

Fact. Let v,6 € G(U). If G is a sheaf® and if for all € U, we have 7, = d,, then v = ¢.

In the case of a sheaf, the image of the injective map G(U) 2 ()zcu, [I.co Gz is the set of all
(92)zev € [ cp 9 satisfying the following coherence condition: For every x € U, there are an open

neighbourhood W, C U of 2 and ¢®*) € G(W,.) with géw) =g, for all y € W,,.

%or, more generally, a separated presheaf

Proof. Because of v, = §,, there is x € W, C U open such that W‘Wx = 5‘WI~ As the W, cover U, v = § by
the sheaf axiom. O

Definition 4.19. Let G be a sheaf of functions. Then -, is called the germ of the function v at z. The
value at = of g = (U,7y)/ ~€ G, defined as g(x) := y(x), which is independent of the choice of the
representative 7.
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Remark. If G is a sheaf of C*°-functions (resp. holomorphic functions), then G, is called the ring of germs
of C'*°-functions (resp. of holomorphic functions) at x.

4.4.1 The local ring of an affine variety

Definition 4.20. If X is a variety, the stalk Ox , of the structure sheaf at z is called the local ring of X
at x. This is indeed a local ring, with maximal ideal m, = {f € Ox ;|f(x) = 0}.

Proof. By 2.52 it suffices to show that m, is a proper ideal, which is trivial, and that the elements of Ox , \ m,
are units in Ox ,. Let g = (U,v)/ ~€ Ox, and g(z) # 0. vy is Zariski continuous (first point of 4.12). Thus
V(7) is closed. By replacing U by U \ V() we may assume that v vanishes nowhere on U. By the third point
of 4.12 we have v € Ox(U)*. (y7!), is an inverse to g. O

Proposition 4.21. Let X = V3 (I) C " be equipped with its usual structure sheaf, where I = VICR=
EX,...,X,]. Let x € X and A = Ox(X) 2 R/I. {P € R|P(z) = 0}=m, C R is maximal, I C n, and
m, = n, /I is the maximal ideal of elements of A vanishing at x. If A € A\ m,, we have \, € O)ng, where
Az denotes the image under A = Ox(X) — Ox,. By the universal property of the localization, there

exists a unique ring homomorphism A, 50 X,z such that

A— An,

PH,\E

OX7w 4 <3

commutes.
. L . . .
The morphism Ay, — Ox , is an isomorphism.

Proof. To show surjectivity, let £ = (U, \)/ ~&€ Ox ,, where U is an open neighbourhood of z in X. We have
X\U =V(J) where J C A is an ideal. As z € U there is f € J with f(x) # 0. Replacing U by X \ V(f)
we may assume U = X \ V(f). By 4.16, Ox(U) = Ay, and A = f~™0 for some n € N and ¥ € A. Then
£ = (f~™9) where the last fraction is taken in Ay, .

Let A = g € An, with ¢«(A) = 0. It is easy to see that t(A) = (X \ V(g), g)/ ~. Thus there is an open
neighbourhood U of z in X \ V(g) such that 9 vanishes on U. Similar as before there is h € A with h(z) # 0
and W = X \ V(h) C U. By the isomorphism Ox (W) = Ap, there is n € N with A" = 0 in A. Since h & m,,
h is a unit and the image of ¥ in A, vanishes, implying A = 0. O

4.4.2 Intersection multiplicities and Bezout’s theorem

Definition 4.22. Let R = £[Xy, X1, Xo] equipped with its usual grading and let z € P2. Let G €
R,,H € Rj, be homogeneous polynomials with € V(G) N V(h). Let £ € Ry such that ¢(x) # 0.
Then € U = P2\ V() and the rational functions v = £79G,n = {~"H are elements of Op:(U). Let
I.(G,H) C Op2 , denote the ideal generated by v, and 7.

The dimension dim¢(Ox . /1 (G, H))=:i,(G, H) is called the intersection multiplicity of G and H at z.

Remark. If / € R also satisfies £(z) # 0, then the image of /¢ under Op: (U) — Op2 , is a unit, showing

that the image of ¥ = (79G in Op2 , is multiplicatively equivalent to <., and similarly for 7,. Thus
I.(G, H) does not depend on the choice of £ € Ry with ¢(x) # 0.

Theorem 4.23 (Bezout’s theorem). In the above situation, assume that V' (H) and V(G) intersect properly
in the sense that V(G) NV (H) C P? has no irreducible component of dimension > 1. Then

> (G, H)=gh

2€V(G)NV (H)
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Thus, V(G) NV (H) has gh elements counted by multiplicity.
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